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I. INTRODUCTION

Albert Einstein explained the phenomenon of dissipation and Brownian mo-
tion in his annus mirabilis of 1905 by use of statistical methods which he in-
geniously combined with the laws of thermodynamics. In this pioneering work
he as well provided a first link between the dissipative forces and the impeding
thermal fluctuations, known as the Einstein relation which relates the strength
of diffusion to the friction. This intimate connection between dissipation and re-
lated fluctuations was put on a firm basis much later when Nyquist and Johnson
considered the spectral density of voltage- and current-fluctuations.

What role do quantum mechanics and the associated quantum fluctuations
play in this context? After the birth of quantum mechanics in the early 1920’s
we can encounter in the very final paragraph of the 1928 paper by Nyquist for
the first time the introduction of quantum mechanical noise via the substitution
of the energy kT from the classical equipartition law by the thermally averaged
quantum energy (but leaving out the zero point energy contribution) of the har-
monic oscillator. Nyquist’s remark thus constitutes a precursor of the celebrated
work by Callen and Welton who generalized the relations by Einstein, Nyquist
and Johnson to include quantum effects.

Without doubt, quantum fluctuations constitute a prominent noise source in
many nano-scale and biological systems. Let me just mention one situation here:
the tunnelling and the transfer of electrons, quasi-particles, and alike, is assisted
by noise for which the quantum nature cannot be neglected. The features of
this noise change drastically as a function of temperature: at sufficiently high
temperatures a crossover occurs to classical Johnson-Nyquist (thermal) noise.

There exist a rich variety of methods to tackle quantum fluctuations and quan-
tum dissipation in open systems in particular. I mention here the generalized
quantum master equation (QME) approach, the quantum Langevin description
(QLE), the powerful functional integral techniques for the time evolution for a
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corresponding reduced density operator, the stochastic Liouville-von Neumann
equations, stochastic and nonlinear Schrödinger equations, the method of quan-
tum trajectories, etc.. Some of these schemes are formally equivalent – others
are not. Rather than presenting in this report only a glimpse of such methods
taken from this rich zoo of differing approaches to quantum dissipation I decided
to focus in some greater detail on one such approach: the formalism of a – Quan-
tum Langevin Equation –, together with a discussion of subtleties and possible
shortcomings. This QLE is capable of describing consistently quantum friction
within a quantum mechanical setting. At the end I will list some sources deal-
ing with the description of open, dissipative quantum systems for useful further
reading.

II. DISSIPATION IN NONLINEAR QUANTUM SYSTEMS: THE
GENERALIZED QUANTUM LANGEVIN EQUATION (QLE)

A. Bath of oscillators

A popular model for the dynamics of a dissipative quantum system subject
to quantum Brownian noise is obtained by coupling the system of interest to a
bath of harmonic oscillators. Accordingly, we write for the total Hamiltonian

H =
p2

2M
+ V (q, t) (1)

+

N
∑

i=1

[

p2
i

2mi

+
mi

2
ω2

i x2
i − qcixi + q2 c2

i

2miω2
i

]

where the first two terms describe the system as a particle of mass M moving in
a generally time-dependent potential V (q, t). The sum contains the Hamiltonian
for a set of N harmonic oscillators which are bi-linearly coupled with strength
ci to the system. Finally, the last term, which depends only on the system
coordinate, represents a potential renormalization term which is needed to ensure
that V (q, t) remains the bare potential. This Hamiltonian has been studied since
the early 60’s for systems which are weakly coupled to the environmental degrees
of freedom. Only after 1980, it was realized by Caldeira and Leggett that this
model is also applicable to strongly damped systems and may be employed to
describe, for example, dissipative tunnelling in solid state physics and chemical
physics.
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B. Quantum Langevin equation

One may convince oneself that the Hamiltonian (1) indeed models dissipation.
Making use of the solution of the Heisenberg equations of motion for the external
degrees of freedom one derives a reduced system operator equation of motion,
the so-called generalized quantum Langevin equation (QLE)

Mq̈(t) + M

∫ t

t0

dsγ(t − s)q̇(s) +
dV (q, t)

dq
= ξ(t) (2)

with the damping kernel

γ(t) = γ(−t) =
1

M

N
∑

i=1

c2
i

miω2
i

cos(ωit) (3)

and the quantum Brownian force operator

ξ(t) = −Mγ(t − t0)q(t0)

+

N
∑

i=1

ci

(

xi(t0) cos(ωi[t − t0]) (4)

+
pi(t0)

miωi

sin(ωi[t − t0])

)

.

The generalized quantum Langevin equation (2) appears first in a paper by
Magalinskĭı who started from (1) in the absence of the potential renormalization
term.

The force operator (4) depends explicitly on the initial conditions at time
t0 of the bath position operators xi(t0) and bath momenta pi(t0). The initial
preparation of the total system, which fixes the statistical properties of the bath
operators and the system degrees of freeedom, turns the force ξ(t) into a random
operator. Note that this operator depends not only on the bath properties but as
well on the initial system position q(t0). To fully specify the reduced dynamics
it is thus of importance to specify the preparation procedure. This in turn then
also fixes the statistical properties of the quantum Brownian noise. Clearly, in
order to qualify as a stochastic force the random force ξ(t) should not be biased;
i.e. its average should be zero at all times. Moreover, this Brownian quantum
noise should constitute a stationary process with time homogeneous correlations.

Let us also introduce next the auxiliary random force η(t), defined by

η(t) = ξ(t) + Mγ(t − t0)q(t0) (5)

which only involves bath operators. In terms of this new random force the QLE
(2) no longer assumes the form of an ordinary generalized Langevin equation: it
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now contains an inhomogeneous term γ(t − t0)q(t0), the initial slip term. This
term is often neglected in the so-called “Markovian limit” when the friction
kernel assumes the ohmic form γ(t) → 2γδ(t). For a correlation-free preparation,
the initial total density matrix is given by the product ρT = ρS(t0)ρbath, where
ρS(t0) is the initial system density matrix. The density matrix of the bath alone
assumes canonical equilibrium, i.e.

ρbath =
1

N
exp

(

−β

N
∑

i=1

[

p2
i

2mi

+
mi

2
ω2

i x2
i

]

)

, (6)

with N denoting a normalization constant.
The statistical properties of the random force η(t) then follow immediately:

η(t) is a stationary Gaussian operator noise obeying

<η(t)>ρbath
= 0 (7)

Sηη(t − s) =
1

2
<η(t)η(s) + η(s)η(t)>ρbath

(8)

=
~

2

N
∑

i=1

c2
i

miωi

cos
(

ωi(t − s)
)

coth

(

~ωi

2kT

)

.

Being an operator-valued noise, its commutator does not vanish

[η(t), η(s)] = −i~

N
∑

i=1

c2
i

miωi

sin
(

ωi(t − s)
)

. (9)

Setting for the initial position operator q(t0) = q0, the last expression in (8)
is also valid for the noise correlation Sξξ(t) of the noise force ξ(t) provided the
average is now taken with respect to a bath density matrix which contains shifted
oscillators. The initial preparation of the bath is then given by the new density
matrix ρ̂bath;

ρ̂bath =
1

N
exp

{

− β

[

∑

i

p2
i

2mi

(10)

+
miω

2
i

2

(

xi −
ci

miω2
i

q0

)2 ]}

.

This scheme of the QLE can also be extended to the nonequilibrium case with
the system attached to two baths of different temperature. Two most recent
applications address the problem of the thermal conductance through molecular
wires that are coupled to leads of different temperature. Then the heat current
assumes a form similar to the Landauer formula for electronic transport: The
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heat current is given in terms of a transmission factor times the difference of
corresponding Bose functions.

Furthermore, the QLE concept can be extended as well to fermionic systems
which are coupled to electron reservoirs and which, in addition, may be exposed
to time-dependent driving. The corresponding Gaussian quantum noise is now
composed of fermion annihilation operators.

C. Important subtleties and pitfalls

The use of the generally nonlinear QLE (2) is limited in practice for several
reasons. More importantly, the application of the QLE bears some subtleties
and pitfalls which must be observed when making approximations. These same
subtleties typically also emerge with other approaches/methods to quantum dis-
sipation; thus it is beneficial to dwell on these in some detail. Important features
of the QLE are:

• The QLE (2) is an operator equation that acts in the full Hilbert space of
system and bath. The coupling between system and environment also im-
plies an entanglement upon time evolution even for the case of an initially
factorizing full density matrix. Together with the commutator property of
quantum Brownian motion, see eq. (9), we find that the reduced, dissipa-
tive dynamics of the position operator q(t) and momentum operator p(t)
obey – as they should – the Heisenberg uncertainty relation for all times.

This latter feature is crucial. For example, the non-Markovian (colored) Gaus-
sian quantum noise with real-valued correlation Sξξ(t) = Sξξ(−t) cannot simply
be substituted by a classical non-Markovian Gaussian noise force which iden-
tically obeys the correlation properties of (Gaussian) quantum noise ξ(t). An
approximation of this type clearly would not satisfy the commutator property
for position and conjugate momentum of the system degrees of freedom.

The literature is full of various such attempts wherein one approximates the
quantum features by corresponding colored classical noise sources. Such schemes
work at best near a quasi-classical limit, but even then care must be exercised.
For example, for problems that exhibit an exponential sensitivity, such as the
dissipative decay of a meta-stable state discussed in the next section, such an
approach gives no exact agreement with the quantum dissipative theory. It is
only in the classical high temperature limit, where the commutator structure of
quantum mechanics no longer influences the result. Perfect agreement is only
achieved in the classical limit.

The study of quantum friction in a nonlinear quantum system by means of
the QLE (2) is plagued by the fact that the nonlinearity forbids an explicit solu-
tion. This solution, however, is needed to obtain the statistical properties such
as mean values and correlation functions. This (unknown) nonlinear response
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function also determines the derivation of the rate of change of the reduced
density operator, i.e. the generalized quantum master equation (QME), and its
solution of the open quantum system.

The very fact that the QLE acts in full Hilbert space of system and envi-
ronment also needs to be distinguished from the classical case of a generalized
Langevin equation. There, the stochastic dynamics acts solely on the state space
of the system dynamics with the (classical) noise properties specified a priori.

• The quantum noise correlations can, despite the explicit microscopic ex-
pression given in (8), be expressed solely by the macroscopic friction kernel
γ(t).

This result follows upon noting that the Laplace transform γ̂(z) of the macro-
scopic friction assumes with Rez > 0 the form

γ̂(z) =
1

2M

N
∑

i=1

c2
i

miω2
i

[

1

z − iωi

+
1

z + iωi

]

. (11)

With help of the well known relation 1/(x+ i0+) = P (1/x)− iπδ(x) we find that

Reγ̂(z = −iω + 0+)

=
π

2M

N
∑

i=1

c2
i

miω2
i

[δ(ω − ωi) + δ(ω + ωi)] . (12)

By means of (8) we then find the useful relation

Sξξ(t) = Sηη(t) (13)

=
M

π

∫

∞

0

dωReγ̂(−iω + 0+)~ω coth

(

~ω

2kT

)

cos(ωt) .

In the classical limit this relation reduces, independent of the preparation of
the bath with ρ or ρ̂, to the non-Markovian Einstein relation Sξξ(t) = MkTγ(t).
The relation (13) is by no means obvious: It implies that a modelling of quantum
dissipation is possible in terms of macroscopic quantities such as the friction
kernel γ(t) and the temperature T . For other coupling schemes between system
and bath we generally can no longer express the correlation of quantum noise
exclusively in terms of macroscopic transport coefficients. As an example we
mention the coupling of the system to a bath of two-level systems (spin bath)
rather than to a bath of harmonic oscillators.

Note also the following differences to the classical situation of a generalized
Langevin equation.

• The quantum noise ξ(t) is correlated with the initial position operator
q(t0). This feature that <q(t0)ξ(t)>ρ̂ 6= 0 follows from the explicit form
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of the quantum noise ξ(t). The correlation function vanishes only in the
classical limit. Note also that the expectation value of the system-bath
interaction is finite at zero temperature. These features reflect the fact
that at absolute zero temperature the coupling induces a non-vanishing
decoherence via the zero-point fluctuations.

Moreover,

• the initial slip term γ(t − t0)q(t0) appears also in the absence of the po-
tential renormalization in the Hamiltonian (1). With this initial value
contribution being absorbed into the quantum fluctuation ξ(t), these be-
come stationary fluctuations with respect to the initial density operator of
the bath ρ̂bath given by (10). Note, however, that with respect to an av-
erage over the bare, non-shifted bath density operator ρbath, the quantum
fluctuations ξ(t) would become non-stationary.

It is also worthwhile to point out here that this initial value term in the QLE
should not be confused with the initial value term that enters the corresponding
generalized QME. In the case of a classical reduced dynamics it is always possi-
ble – by use of a corresponding projection operator – to formally eliminate this
initial, inhomogeneous contribution in the generalized master equation. This in
turn renders the time evolution of the reduced probability a truly linear dynam-
ics. This property no longer holds for the reduced quantum dynamics: for a
non-factorizing initial preparation of system and bath this initial value contri-
bution in the QME generally is finite and presents a true nonlinearity for the
time evolution law of the open quantum dynamics.

There exist even further subtleties which are worthwhile to point out. The
friction enters formally the QLE just in the same way as in the classical general-
ized Langevin equation. In particular, a time-dependent potential V (q, t) leaves
this friction kernel invariant in the QLE. In contrast to the classical Markovian
case, however, where the friction enters the corresponding Fokker-Planck dy-
namics independent of the time scale of driving, this is no longer valid for the
generalized quantum master equation dynamics of the corresponding reduced
density matrix.

For the bilinear system-bath interaction with the bath composed of harmonic
oscillators it was possible to integrate out the degrees of freedom of the bath
explicitly. Does this hold as well for other interactions? The elimination of the
bath degrees of freedom is still possible for a nonlinear coupling to a bath of
harmonic oscillators if the system part of the coupling is replaced by a nonlinear
operator-valued function of either the momentum or position degree of freedom
of the system as long as the bath degrees of freedom appear linearly. The
resulting friction kernel then appears as a nonlinear friction but the influence of
the bath degrees of freedom is still obtained in exact form.

Yet another situation for which one can derive an exact QLE is when a non-
linear system, such as a spin degree of freedom, interacts with a collection of
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quantum (Bose) oscillators in such a way that the interaction Hamiltonian com-
mutes with the system Hamiltonian, thus constituting a quantum non-demolition
interaction. This case corresponds to pure dephasing; it was originally addressed
by  Luczka and van Kampen for the problem of a spin in contact with a thermal
heat bath.

We end this subsection by mentioning also the coupling of a system to a bath of
independent fermions with infinitely many excitation energies: a suitable trans-
formation then allows a mapping of the dissipation onto a bosonic environment
with an appropriate coupling strength.

III. FURTHER READING

The presented material outlined above is based on a longer comprehensive
article which I co-authored with Prof. Dr. G.-L. Ingold. It appeared during
the world year of physics in 2006 in the journal CHAOS (see below) in
celebration of Einstein’s work of 1905 on Brownian motion. The reader can
find further insightful information on the use and abuse of quantum dissipation
by consulting the pdf’s of recent review and feature articles on the web:
http://www.physik.uni-augsburg.de/theo1/hanggi/Quantum.html

Some useful such reports for further reading are:

• T. Dittrich, P. Hänggi. G.-L. Ingold, B. Kramer, G. Schön, and W. Zw-
erger, Quantum Transport and Dissipation (Wiley-VCH, Weinheim, 1998).

• M. Grifoni and P. Hänggi, Driven Quantum Tunneling, Phys. Rep. 304:
229-354 (1998)

• U. Weiss, Quantum Dissipative Systems, second edition (World Scientific,
Singapore, 1999)

• G.-L. Ingold, Path integrals and their application to dissipative quantum
systems, Lect. Notes Phys. 611: 1-53 (2002)

• S. Kohler, J. Lehmann, and P. Hänggi, Driven quantum transport on the
nanoscale, Phys. Rep. 406: 379-443 (2005)

• I. Goychuk and P. Hänggi Quantum dynamics in strong fluctuating fields,
Adv. Physics. 54: 525-584 (2005)

• P. Hänggi and G. L. Ingold, Fundamental aspects of quantum Brownian
motion, Chaos 15: 026105 (2005)

The above link also provides access to the pdf of the talk which I presented
for CCP6, Dynamics of Open Quantum systems, at the University of Wales,
Bangor, August 23-25, 2006.

8

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



K. H. Hughes (ed.)
Dynamics of Open Quantum Systems

c© 2007, CCP6, Daresbury

Time-convolutionless master equation dynamics for

charge-transfer processes between semiconducting

polymers

Eric R. Bittner and Andrey Pererverzev
Department of Chemistry, University of Houston, Houston TX 77204

The dynamics of charge transfer between molecular species in the condensed
phase remains a difficult and compelling problem from a theoretical perspective.
The difficulty stems from the fact that one is faced with the situation that for
most of the time there is a clear separation in the time-scales between the motion
of the electronic degrees of freedom and the nuclear or molecular degrees of free-
dom. Hence, most of the time, nuclear reorganization dynamics following some
dramatic change in the electronic structure occurs on the Born-Oppenheimer po-
tential energy curves parameterized by the nuclear coordinates. However, this
description breaks down whenever the electronic wave function changes rapidly
in the direction of the nuclear motion leading to transitions between the dis-
crete electronic states. This coupling becomes even more dramatic when there
is an actual crossing of the potential curves at certain nuclear geometries. Even
more so, the number of nuclear degrees of freedom, while finite, typically far out
number the number of relevant electronic states for a given process.

For the case of a infinite thermostat, the Pauli master equation and Redfield
equation have long been applied to the study of quantum relaxation. While
originally derived from more or less heuristic arguments, such equations can be
obtained from formally exact master equations using projection operator tech-
niques and a series of well defined approximations. In the limit of a continuum
of modes, the resulting transition probabilities become identical to what one
obtains using Fermi’s golden rule.

In this paper, we review our recent work in deriving a formally exact and
time-local approach for incorporating non-Markovian dynamics into the quan-
tum master equation for state to state electronic transitions. [1] Here, we discuss
some of the details of this work with particular attention to its theoretical devel-
opment. As an application, we examine the kinetics of charge transfer between
two co-facially stacked conjugated polymer chains [2, 3, 4] using a model re-
cently developed by our group. [5] Here we compare how the inclusion of both
fast and slow phonon modes affect the transfer of a hole from one chain to the
next following photo-excitation.
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The Hamiltonian describing a wide range of photphysical problems can be
cast in the form:

H =
∑

n

ǫn|n〉〈n| +
∑

nmi

gnmi|n〉〈m|(a†
i + ai) +

∑

i

ωia
†
iai. (1)

Here |n〉’s denote electronic states with vertical energies ǫn, a†
i and ai are the

creation and annihilation operators for the normal mode i with frequency ωi,
and gnmi are the coupling parameters of the electron-phonon interaction which
we take to be linear in the phonon normal mode displacement coordinate.

We can separate H into a part that is diagonal with respect to the electronic
degrees of freedom,

H0 =
∑

n

ǫn|n〉〈n| +
∑

ni

gnni|n〉〈n|(a
†
i + ai) +

∑

i

ωia
†
iai, (2)

and an off-diagonal part V

V =
∑

nmi

′
gnmi|n〉〈m|(a†

i + ai), (3)

where the prime at the summation sign indicates that the terms with n = m are
excluded. This separation is useful for the following two reasons. First, in many
systems only off-diagonal coefficients gnmi are small compared to gnni. Hence, V
can be treated as a perturbation. Second, for many cases of interest, the initial
density matrix commutes with H0. In this case, the separation gives simpler
forms of the master equations.

For further analysis it is convenient to perform a polaron transform using

U = e
−

P

ni

gnni
ωi

|n〉〈n|(a†
i
−ai) =

∑

n

|n〉〈n|e
−

P

i

gnni
ωi

(a†
i
−ai) (4)

in which our transformed Hamiltonian becomes

H̃0 = U−1H0U =
∑

n

ǫ̃n|n〉〈n| +
∑

i

ωia
†
iai, (5)

where the renormalized electronic energies are

ǫ̃n = ǫn −
∑

i

g2
nni

ωi

. (6)

Applying the same unitary transformation to V gives

Ṽ =
∑

nmi

|n〉〈m|Mnmi., (7)

10

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



where the system-bath operators are

Mnmi = gnmi

(

a†
i + ai −

2gnni

ωi

)

e
P

j

(gnnj−gmmj)

ωj
(a†

j
−aj)

. (8)

At this point it is useful to connect the various terms in our Hamiltonian with
specific physical parameters. The terms involving (gnnj − gmmj)/ωj can be
related to the reorganization energy

Eλ
nm =

∑

j

(gnnj − gmmj)
2

ω2
j

=
∑

j

~ωjSj

where Sj is the Huang-Rhys factor for mode j which is related to the Franck-
Condon factor describing the overlap between the vj = 1 vibronic state in one
electronic state with the vj = 0 vibronic state in the other. Likewise, the energy
difference between the renormalized energies is related to the driving force of
the transition,

∆Enm = ǫ̃n − ǫ̃m.

In the transformed picture the electronic transitions from state |n〉 to |m〉 are
accompanied not only by the creation or annihilation of a single phonon of mode
i but also by the displacements of all the normal modes. This is quite different
from the spin-boson model which does not have coordinate dependent coupling
between the electronic states.

For a properly chosen projection operator P and the initial total density matrix
that satisfies ρ(0) = Pρ(0), Pρ(t) can be shown to satisfy at least two different
master equations: the Nakajima-Zwanzig (NZ) equation [6, 7, 8] and the time-
convolutionless (CL) master equation [9].

∂Pρ(t)

∂t
= −

∫ t

0

dτKNZ(t − τ)Pρ(τ), (9)

∂Pρ(t)

∂t
= −

∫ t

0

dτKCL(τ)Pρ(t). (10)

The explicit expressions for superoperators KNZ(τ) and KCL(τ) can be found
in Ref. [10]. Since Eq. 10 is less well known than Eq. 9 we will show here how
Eq. 10 can be derived from Eq. 9. Applying the Laplace transformation to both
sides of Eq. 9 we obtain

sPρ(s) − Pρ(0) = −K(s)Pρ(s), (11)

where ρ(s) and K(s) are the Laplace transforms of ρ(t) and K(t), respectively.
Solving the last equation for ρ(s) and applying the inverse Laplace transforma-
tion we have the formal solution of Eq. 9

Pρ(t) = V(t)Pρ(0), (12)
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where

V(t) =
1

2πi

∫ κ+i∞

κ−i∞

est

s + K(s)
(13)

and κ is an arbitrary positive constant chosen so that the contour of integration
lies to the right of all singularities of the integrand. Differentiating Eq. 12 with
respect to time we obtain the time local master equation

∂Pρ(t)

∂t
= F(t)Pρ(t) (14)

with

F(t) =
∂V(t)

∂t
V−1(t). (15)

Eq. 14 can be written in the form of Eq. 10 with

KCL(τ) = −
∂F(τ)

∂τ
. (16)

Even though Eqs. 9 and 10 are formally exact, it is impossible to determine
KNZ(τ) and KCL(τ) for most realistic systems. Since we have assumed the
coupling to be weak, to second order in the coupling constants

KNZ
2 (τ) = KCL

2 (τ) = PLV e−iL0τLV P. (17)

Here L0 and LV are the Liouville superoperators corresponding to H̃0 and Ṽ
whose action on some density matrix ρ is given by

L0ρ = H̃0ρ − ρH̃0, LV ρ = Ṽ ρ − ρṼ . (18)

In Ref. [10], Breuer and Petruccione show that to second order in the coupling
constants, the convolutionless experession (Eq. 10) gives a better approximation
to the exact solution than the Nakajima-Zwanzig equation (Eq. 9). It also has
an additional mathematical convenience of being local in time. Therefore, in the
following analysis we will use the convolutionless approach.

Taking our initial density matrix in the transformed representation as

ρ̃(0) = |n〉〈n|
e−β

P

i
ωia

†
i
ai

Tr(e−β
P

i
ωia

†
i
ai)

. (19)

we will use the projection operator that acts on the total density matrix in the
following way

Pρ =
∑

n

|n〉〈n|ρos
eq Tr (|n〉〈n|ρ) , (20)
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where the trace is taken over both electronic and oscillator degrees of freedom
and

ρos
eq =

e−β
P

i
ωia

†
i
ai

Tr(e−β
P

i
ωia

†
i
ai)

. (21)

Note that

Tr (|n〉〈n|ρ) = Pn, (22)

where Pn is the probability to find the electronic subsystem in state |n〉. Using
Eq. 10, the definition of KCL

2 (τ) in Eq. 17, and the definition of Pρ given by
Eq. 20 the following explicit convolutionless equation is obtained

dPn

dt
=
∑

m

Wnm(t)Pm −
∑

m

Wmn(t)Pn. (23)

The time dependent rates Wnm(t) are given by

Wmn(t) = 2ℜe

∫ t

0

dτ
∑

ij

〈MnmiMmnj(τ)〉e−i(ǫ̃n−ǫ̃m)τ , (24)

where

〈MnmiMmnj(τ)〉 = Tr
(

MnmiMmnj(τ)ρos
eq

)

. (25)

Due to the explicit form of operators Mnmi (Eq. 8) the calculation of the corre-
lation functions in Eq. 25 can be reduced to the averaging of the displacement
operators over the equilibrium ensemble (Eq. 21). After straightforward, but
lengthy, calculations we obtain the principal result of our work:

〈MnmiMmnj(τ)〉 = gnmigmnj

×
((

∆nmi(ni + 1)eiωiτ − ∆nminie
−iωiτ + Ωnmi

)

×
(

∆nmj(nj + 1)eiωjτ − ∆nmjnje
−iωjτ + Ωnmj

)

+ δij(ni + 1)eiωiτ + δijnie
−iωiτ

)

qnm(τ)fnm(τ). (26)

Here

∆nmi =
(gnni − gmmi)

ωi

, (27)

Ωnmi =
(gnni + gmmi)

ωi

, (28)

ni =
1

eβωi − 1
, (29)

qnm(τ) = ei
P

j
∆2

nmj sin ωjτ , (30)

fnm(τ) = e−2
P

j
(nj+

1
2 )∆2

nmj(1−cos ωjτ). (31)
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-2.75 eV (PFB)

-2.98eV (TFB)

FIG. 1: (Left) Molecular geometry of TFB:F8BT interface. (Right) Relative energies
of highest occupied and lowest unoccupied orbitals of TFB and F8BT.

In the case when all the diagonal electron/phonon terms vanish, gnni = 0, the
correlation functions in Eq. 26 reduce to those obtained within the golden rule
approach [11, 12]. It is clear from Eq. 26 that for systems with gnni/ωi ≫ 1 the
golden rule approach is not applicable. Unfortunately, the complicated form of
the correlation functions precludes much further analysis at this point and we
need to turn to numerical calculations.

As an application of our approach, we consider the electronic relaxation in
the conjugated polymer heterojunctions previously investigated in Ref. [13, 14]
by a different approach. Here we consider the decay of an excitonic state into
a charge-separated state at the interface between two semiconducting polymer
phases (TFB) and (F8BT). The structure of the polymers at the interface is
shown in Fig. 1. Such materials have been extensively studied for their potential
in organic light-emitting diodes and organic photovoltaics [4, 15, 16]. At the
phase boundary, the material forms a type-II semiconductor heterojunction with
the off-set between the valence bands of the two materials being only slightly
more than the binding energy of an exciton placed on either the TFB or F8BT
polymer. As a result, an exciton on the F8BT side will dissociate to form a
charge-separated (exciplex) state at the interface. [2, 3, 4, 16, 17]

F8BT∗ : TFB −→ F8BT− : TFB+.

Ordinarily, such type II systems are best suited for photovoltaic rather than LED
applications. However, LEDs fabricated from phase-segregated 50:50 blends
of TFB:F8BT give remarkably efficient electroluminescence efficiency due to
secondary exciton formation in the back-reaction

F8BT− : TFB+ −→ F8BT∗ : TFB,

as thermal equilbrium between the excitonic and charge-transfer states is es-
tablished. This is evidenced by long-time emission, blue-shifted relative to the
emission from the exciplex, accounting for nearly 90% of the integrated photo-
emission.
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FIG. 2: (Left) The population of the excited state as a function of time for the
TFB:F8BT heterojunction for three different temperatures obtained by solving the
time-convolutionless master equation (black) or through the Marcus-type approxima-
tion (gray) at T = 230K, 298K, and 340K. (Right) Transition rates W12(t) and W21(t)
for the TFB:F8BT heterojunction involving 24 normal modes at 298 K.

We consider only the two lowest electronic levels corresponding to

|XT 〉 = F8BT∗ : TFB & |CT 〉 = F8BT− : TFB+.

We take the vertical energies for these two states as ǫCT = 2.191eV and
ǫXT = 2.294 eV. As was shown in Ref. [18, 19, 20, 21], in poly-fluorene based
systems, there are essentially two groups of phonon modes that are coupled
strongly to the electronic degrees of freedom as evidenced by their presence as
vibronic features in the vibronic emission spectra, namely: low frequency tor-
sional modes with frequencies between 90 and 100 cm−1 and higher frequency
C=C stretching modes with frequencies between 1500 and 1600 cm−1 [18]. The
vibronic couplings within the model were determined by comparison between
the Franck-Condon peaks of the predicted and observed spectra of the system.

As before, we consider the initial state as being prepared in the |XT 〉 state
corresponding to photoexcitation of the F8BT polymer. The results for the
higher electronic level population obtained by numerically solving Eq. (23) are
shown on Fig. 2. The time dependence of coefficients W12(t) and W21(t) are
shown on Fig. 2. As in the previous example the electronic relaxation does not
follow a simple exponential pattern. The main difference between this model and
the previous example is that the electronic relaxation time is of the same order
as the recurrence time for coefficients W12(t) and W21(t). As can be seen from
Fig. 2 the time dependence of these coefficients has the form of approximately
constant regions abruptly changed at regular recurrence intervals. This type of
time dependence makes the electronic relaxation look like a series of exponential
relaxations with changing rates. We do note, however, that transition rates
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FIG. 3: Exciton population keeping only the high frequency (solid), low frequency, or
using both high and low frequency phonon modes.

W12(t) and W21(t) can become negative as the relaxation proceeds towards the
equilibrium population. As with any approximate method, this can lead to a
lack of positivity in the populations.

Note also, that because the relaxation does not obey a simple exponential
rate law, the initial decay slightly “overshoots” the final equilibrium popula-
tion. This is most evident in the highest temperature case considered here (T =
340K). Since the |XT 〉 is also the emissive state, photo-emission (not included
herein) depletes this population on a nanosecond time scale (radiative lifetime).
Population back-transfer from the |CT 〉 to maintain a thermal equilibrium pop-
ulation then leads to the continuous replenishment of the emissive species such
that nearly all of the CT population contributes to the formation of secondary
(regenerated) excitonic states [4, 5, 14, 15, 16].

It is of interest to compare the relaxation dynamics in TFB:F8BT heterojunc-
tion obtained through the application of the time-convolutionless master equa-
tion with other approaches. As an example we will consider the Marcus-type
approach which is widely used to study electron transfer in chemical systems
[11, 14, 22, 23]. Based upon the model parameters, the driving force and reor-
ganization energy are ∆E21 = 0.073 eV and Eλ = 0.092 eV, which places the
system very close to the barrier-less regime as reported by Morteani, et al [3].
Because of the coordinate dependency of the coupling, some care must be taken
in deriving the Marcus or Fermi’s golden rule rates.

knm = 2π

∫

d{qi}f({qi})|Vnm({qi})|
2δ
(

Un({qi}) − Um({qi})
)

, (32)

where {qi} denotes all coordinate variables and f({qi}) is the probability of
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being in the initial state. Note that Eq. 32 differs from the similar expression of
Ref. [11] by the presence of coordinate dependence in the interaction parameters
Vnm({qi}). The integrations in Eq. 32 can be explicitly performed yielding

knm =

(

(

∆EnmPnm

Eλ
nm

+ Fnm

)2

−
2G2

nm

βEλ
nm

+
Hnm

β

)

×

√

πβ

Eλ
nm

exp

(

−
β(∆Enm − Eλ

nm)2

4Eλ
nm

)

. (33)

Here ∆Enm and Eλ
nm are given by

∆Enm = ǫn − ǫm −
∑

i

g̃2
nni

2ω2
i

+
∑

i

g̃2
mmi

2ω2
i

, (34)

Eλ
nm =

∑

i

(g̃nni − g̃mmi)
2

2ω2
i

(35)

and are usually referred to as the driving force and reorganization energy, re-
spectively. Parameters Pnm, Fnm, and Hnm are given by

Pnm =
g̃nmi(g̃nni − g̃mmi)

2ω2
i

, (36)

Fnm =
g̃nmi(g̃nni + g̃mmi)

2ω2
i

, (37)

Hnm =
g̃2

nmi

ω2
i

. (38)

It can be verified from Eqs. (32) or (33) that rates knm satisfy the principle of
the detailed balance. Eq. 33 is an exact evaluation of the golden rule rate for the
case where the electron/phonon coupling is linear in the nuclear coordinates.

The results for the relaxation dynamics using these rates applied to TFB:F8BT
heterojunction for three different temperatures are shown in Fig. 2. It can be
seen that apart from a more complicated time dependence the master equation
approach gives faster relaxation when compared to the Marcus-type picture.
The discrepancy between the two approaches can be explained by the fact that
the Marcus approximation is assumed to be valid when kT ≫ ~ωi for all the
normal modes. In the case of the TFB:F8BT heterojunction this condition is
not satisfied for the higher frequency modes.

Finally, we consider the contributions of each type of intramolecular motions
to the charge-transfer process. Recall, our model included two non-overlapping
bands of intramolecular phonon modes: a low frequency band corresponding to
the torsional motions of the chain and a high frequency band corresponding to
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C=C bond stretching motions. In Fig. 3 we show the contribution of each band
to the overall charge-transfer process. If we include only one band or the other,
very little charge transfer occurs while if we include both bands, transfer occurs
within the first 0.5ps following excitation. This emphasizes the fact that while
one set of modes may be bringing the system into and out of regions of strong
coupling between the XT and CT states (likely the high frequency modes), the
other set of modes are required to help dissipate the energy associated with
making the transition.

In conclusion, we present here a brief overview of a new approach we have de-
veloped for incorporating non-Markovian dynamics into the calculation of state-
to-state transition probabilities for electronic systems. The time evolution of
the electronic populations is, in general, more complex then the one obtained
with the Pauli master equation and depends on the explicit form of the time
dependent coefficients. The time-dependence of the rate coefficients introduces
non-Markovian effects due to the vibrational motion into the electronic pop-
ulation transfers. What is currently lacking, however, is the inclusion of the
electronic coherences and the important process of decoherence. Such contri-
butions are quite important and we are currently extending our approach in
that direction. While more complete and fully quantum approaches (such as
MCTDH) permit highly detailed analysis of the dynamics of systems such as
these, the computational cost associated with these approaches remains quite
high.
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I. INTRODUCTION

Dynamics in complex quantum systems has attracted a lot of attention in
recent years. For small gas phase systems the electronic structure can be deter-
mined to a high degree of accuracy. These electronic potential energy surfaces
can then be used as input for quantum dynamical wave packet calculations. For
systems in a condensed phase environment the problem is much harder to solve
since a huge number of degrees of freedom are involved. One possibility to tackle
this issue is to split the total system into a relevant system and an environment.
In the case of dissipative dynamics the environment is usually a thermal phonon
bath while for other systems such as molecular wires the environment can consist
of fermionic particle reservoirs.

Through the usage of reduced density matrix methods the size of the density
matrices is reduced dramatically but at the same time non-Markovian memory
effects come into play (see, for example, the references in [1]). One possibility
is to treat these memory effects by making use of special forms of the so-called
spectral density J(ω) which contains information on the frequencies of the bath
modes and their coupling to the system. Calculations along this line have been
done, for example, by Tanimura and coworkers [2–4] using spectral densities
of Drude shape leading to bath correlation functions with exponential time-
dependence. If, for example, the spectral density in a particular problem is not
of this specific form it can be fitted as a sum of Lorentzians also leading to bath
correlation functions with exponential time-dependence. Korolkov, Paramonov
and Manz were among the first to use a fitted form of the bath correlation
function [5, 6]. A few years back Meier and Tannor developed a method based
on the time-nonlocal Nakajima-Zwanzig identity in which an arbitrary spectral
density is being fitted by a sum of Lorentzians [7]. This study inspired further
work by the group of YiJing Yan [8–10] and our own group [1]. Here we follow
the strategy by Meier and Tannor [7]. In special cases, such as the Drude
spectral density, the present scheme can be employed even without the numerical
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decomposition of the spectral density. For a bosonic bath of harmonic oscillators
with mass mi and frequency ωi the spectral density function is defined as [11]

J(ω) =
π

2

∑

i

c2

i

miωi

δ(ω − ωi) (1)

where ci determines the coupling strength between the system and the ith bath
mode. In the limit of infinitely many bath oscillators several forms of the spectral
density are being used in the literature either based on model assumptions or
based on the analysis of numerical calculations (for example in Ref. 12). In
the following the numerical decomposition of the spectral density proposed by
Meier and Tannor [7] is used which is not restricted to any special form of
spectral density

J(ω) =

n∑

k=1

pk

ω

[(ω + Ωk)2 + Γ2

k
][(ω − Ωk)2 + Γ2

k
]

(2)

with arbitrary real parameters pk, Ωk, and Γk. For the Ohmic spectral density
with exponential cut-off J(ω) = ηω exp(−ω/ωc) the fit parameters are given in
table 1 of the paper by Meier and Tannor [7] together with a plot of the original
and the fitted spectral densities. In this case three terms (n = 3) in Eq. (2)
were needed for an accurate fit. In another publication [13] we have given the
fit parameters for a spectral density of the form J(ω) = ηω2/(2ω3

c
) exp (−ω/ωc).

This spectral density starts quadratically in ω for small ω while all terms of the
decomposition grow linearly in ω for small ω. Therefore nine terms (n = 9) were
necessary for an accurate fit of that spectral density.

II. DISSIPATIVE DYNAMICS

As mentioned above, for the description of dynamical effects in quantum me-
chanical systems on ultra-short time scales memory effects play an important
role. The approach developed by Meier and Tannor [7] is based on a time-
nonlocal (TNL) scheme employing the numerical decomposition of the spectral
density. Additionally our group developed two different approaches which are
based on a partial time-ordering prescription i.e. a time-local (TL) formalism.
Similar techniques were devised by the group of Yan [8–10]. One of the schemes
developed by our group is valid for time-independent Hamiltonians and can be
given in a compact quantum master equation. In the case of time-dependent
Hamiltonians one has to introduce auxiliary operators which have to be propa-
gated in time along with the density matrix. These methods have been tested
for the case of a damped harmonic oscillator [1]. The different non-Markovian
theories were compared among each other, to the Markovian limit neglecting
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memory effects and time-dependencies and to exact path integral calculations.
Good agreement between the exact calculations and the non-Markovian results
was obtained for weak to moderate damping. Those non-Markovian theories
employing auxiliary operators or density matrices [1, 7] treat the time depen-
dence in the system Hamiltonians non-perturbatively. Therefore these methods
can be used for the simulation of experiments with arbitrary large laser fields.

The aforementioned approaches are based on a second-order perturbative
treatment of the system-bath coupling. For large bath correlation times, i.e.
small cut-off frequencies of the spectral density, severe differences between the
non-Markovian TNL and the TL versions were seen. To see the reasons for
these differences we recently performed higher-order perturbative treatments of
the same system[14]. This higher-order treatment was based on a hierarchical
method developed by the groups of Yan and Shao [15, 16]. This formulation is
very similar to the earlier one proposed by Tanimura and coworkers [2–4]. The
hierarchical method was applied to calculate the time evolution of the reduced
density matrix of one and two harmonic oscillators coupled to a thermal bath.
Calculations to several orders in the system-bath coupling with two different
truncation schemes were performed. The respective density matrices were then
used to calculate the time evolution of the population dynamics as well as the
variance in the coordinate. It could clearly be seen that for the initial state
chosen, the population dynamics for one or two coupled damped harmonic oscil-
lators converges faster in the TL approach while the variance of the coordinate
converges faster in the TNL formalism [14].

III. ABSORPTION SPECTRA

Not only within the dynamics one can see differences between the various
variants of Markovian and non-Markovian theories but also in the static linear
absorption spectra. This becomes evident when going back to the definition of
the linear absorption as half-sided Fourier transform of the dipole-dipole corre-
lation function. As an example we calculated the linear absorption spectrum
of an ensemble of B850 rings of the light-harvesting system LH2 of purple bac-
teria (Rhodospirillum molischianum) [17]. Using different Markovian and non-
Markovian, time dependent and time independent methods based on second-
order perturbation theory in the coupling between the excitonic system and the
surrounding environment, the influence of the shape of the spectral density on
the linear absorption spectrum was demonstrated for single samples and in the
ensemble average. Furthermore the influence of static disorder on the line shape
in the ensemble average was demonstrated and the results of our calculations
compared to experimental data.

In addition to non-Markovian theories also the modified Redfield theory was
applied to determine the absorption spectra applied of light-harvesting systems
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[17]. Moreover a time-dependent modified Redfield theory was used to calculate
the linear absorption spectra for an ensemble of B850 rings [18]. This theory is an
extension of the standard modified Redfield theory without invoking the Markov
approximation. The results for the modified Redfield theory with and without
Markov approximation were compared to the spectra obtained TL second-order
perturbation theory in the system-bath coupling sometimes also called time-
dependent Redfield theory. The influence of the shape of the spectral density on
the linear absorption spectrum was again demonstrated for single samples and
in the ensemble average. Stronger damping clearly leads to further broadening
especially in the high-energy part of the static absorption line shapes.

IV. MOLECULAR WIRES

In the above described applications the system was coupled to a thermal
phononic bath. In the following we are going to investigate systems in which
the relevant system is coupled to fermionic reservoirs [19]. In this case the
relevant system is describing a molecule and the reservoirs electronic contacts
so that the whole system mimics a molecular wire. New features of molecular
wires can be observed when they are irradiated by laser fields. These effects
can be achieved by periodically oscillating fields but also by short laser pulses.
The derivation of a quantum master equation, either based on a TNL or TL
projection-operator approach, incorporates the interaction with time-dependent
laser fields non-perturbatively and is valid at low temperatures for weak system-
bath coupling. From the population dynamics the electrical current through the
molecular wire can be determined. This theory including further extensions can
be used for the determination of electron transport through molecular wires.
As examples, we showed computations of coherent destruction of tunneling in
asymmetric periodically driven quantum systems, alternating currents and the
suppression of the directed current by using a short laser pulse.

Motivated by the phenomenon of coherent destruction of tunneling for
monochromatic laser fields, situations were studied in which the maximum am-
plitude of the electric field fulfills the conditions for the destructive quantum
effect. It was shown [20] that the average current through the system can be
suppressed. For parameters of the model, which do not show a net current with-
out any optical field, a Gaussian laser pulse could establish a temporary current.
In addition, the effect of electron interaction on the current was investigated.

V. CONCLUDING REMARKS

Using a numerical decomposition of the spectral density which describes the
coupling of the system to the environment allows one to develop TL and TNL
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non-Markovian quantum master equations. Using the hierarchical approach the
results can be extended from second-order perturbation theory to higher orders
to be able to show if the series converges to finite order or not. In this short
review, which focused on the work of our own group, several applications were
mentioned ranging from quantum dissipation, to linear absorption spectra and
the transport through molecular wires.
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I. INTRODUCTION

In this paper, we briefly describe two approaches to mixed Quantum-Classical
Statistical Dynamics that tackle the problem from different perspectives with
the intent of pointing out some of the strengths and weaknesses of the meth-
ods. The first approach, based on the Wigner-Liouville formulation of quantum
mechanics, attempts to identify a consistent mixed quantum-classical statistical
mechanics starting from an underlying mixed quantum-classical dynamics rigor-
ously derived on the basis of a (or a set of) formal prescription(s), comparable
to the laws of quantum or classical mechanics, for the generators of the time
evolution of a given system. The second, starts from the exact quantum de-
scription of the system and then proceeds to perform approximations to the full
quantum propagator, and if necessary to the density matrix, to represent the
dynamics in terms of classical trajectories whose initial conditions are sampled
via Montecarlo from a quasi-classical initial distribution.

In both cases we shall classify the constituents of the system as belonging to
one of two subsystems: the first subsystem contains n degrees of freedom repre-
senting particles with mass m and coordinate operators q̂; the second comprises
N degrees of freedom describing particles of mass M and coordinate operators
Q̂. The hamiltonian operator may be written as

Ĥ =
P̂ 2

2M
+

p̂2

2m
+ V̂ (q̂, Q̂) ≡

P̂ 2

2M
+ ĥ(Q̂) , (1)

where p̂ and P̂ are momentum operators, V̂ (q̂, Q̂) is the total potential en-

ergy, and ĥ is the hamiltonian of the first subsystem in the field of the second
subsystem with fixed coordinates. We employ a condensed notation such that
q̂ = (q̂1, q̂2, . . . q̂n) and Q̂ = (Q̂1, Q̂2, . . . Q̂N ), with an analogous notation for p̂

and P̂ . In section II we take the Wigner-Liouville route to derive an evolution
equation for the density matrix of the mixed quantum-classical system, highlight
the main difference in the algebraic structure of the resulting dynamics with re-
spect to the quantum and classical worlds, and point to some of the resulting
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pathologies of the quantum statistical formulation. In section III we outline
a method to compute directly time correlation functions for the mixed system
based on an approximation to the path integral expression for these quantities
and address some of the numerical instabilities that affect its efficiency. Here we
discuss the approach for the case of adiabatic motion, but it can be generalized
to a similar, though formally more complex, algorithm to address the case of
nonadiabatic dynamics (see refs [1] for details). Both in the adiabatic and in the
nonadiabatic case, this method assumes that all the usual relations of quantum
statistical mechanics are valid within the approximations of the theory and can
therefore be used as a starting point for the calculations.

II. QUANTUM-CLASSICAL DYNAMICS

We begin by considering the partial Wigner transform [2] of the density matrix
of the system with respect to the subset of Q coordinates

ρ̂W (R,P ) = (2π~)−N

∫

dZeiP ·Z/~〈R −
Z

2
|ρ̂|R +

Z

2
〉 . (2)

Note that this object is a function of the N -dimensional phase space, but still
an operator for the complementary set of n degrees of freedom. In this partially
transformed description, the Liouville-Von Neuman equation of motion can be
written as

∂ρ̂W (R,P, t)

∂t
= −

i

~

(

ĤW e~Λ/2iρ̂W (t) − ρ̂W (t)e~Λ/2iĤW

)

, (3)

where the partially Wigner transformed hamiltonian is

ĤW (R,P ) =
P 2

2M
+

p̂2

2m
+ V̂W (q̂, R) , (4)

and Λ is the negative of the Poisson bracket operator, Λ =
←

∇P ·
→

∇R −
←

∇R ·
→

∇P ,
(the arrows point in the direction in which the operator acts). Suppose now that
the subsystem comprising the particles with masses M is taken to represent an
environment or bath and assume that M ≫ m. In this limit it can be shown
that e~Λ/2i can be replaced by (1 + ~Λ/2i) and the full von Neuman equation
reduces to the quantum-classical Liouville equation [2]

∂ρ̂W (R,P, t)

∂t
= −

i

~
[ĤW , ρ̂W (t)] +

1

2

({

ĤW , ρ̂W (t)
}

−
{

ρ̂W (t), ĤW

})

≡ −iL̂ρ̂W (t) ≡ −(ĤW , ρ̂W (t)) . (5)

Here [ , ] is a commutator, while { , } indicates a Poisson parenthesis on the R
and P variables. The second line of this equation defines the quantum-classical
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Liouville operator L̂ and the quantum-classical bracket. A similar equation of
motion can be obtained for any partially Wigner-transformed observable. Al-
though a Newtonian dynamics for the bath is no longer possible in the presence
of coupling to the quantum subsystem [3], it can be shown [2] that the solution
to eq (5) can be written in terms of an ensemble of ”classical” trajectories. In
particular, if the quantum subsystem is described by introducing an adiabatic
basis set, the bath’s trajectories are propagated according to appropriate combi-
nations of Hellman-Feynman evolutions and discontinuous changes in the bath’s
momenta governed by the non-adiabatic coupling among the different electronic
surfaces in close analogy to a surface-hopping scheme.

The main difference among the quantum-classical dynamics defined above
and quantum or classical mechanics is that it does not posses a Lie algebraic
structure. In particular, the Jacobi identity (as well as the associativity of the
product of observables and the product rule for the time evolution of operators)
is only true to first order in ~ [4]. This leads to pathologies in the general
formulation of quantum-classical dynamics and statistical mechanics that are
reflected in the lack of some usual properties of the theories. For example,
although a linear response theory for the calculation of transport coefficients
can be developed, the response functions can no longer be rigorously expressed
in terms of Kubo transforms [2].

III. LINEARIZED TIME-CORRELATION FUNCTIONS

Let us now consider the full quantum expression of a time-correlation function
for an adiabatic system in thermal equilibrium

〈Â · B̂(t)〉 = Tr{ρ̂ÂÛ†(t)B̂Û(t)} (6)

If the Boltzmann density operator ρ̂ = exp[−βĤ]/Z is dominated by diagonal
elements in the bath coordinates representation and the thermal wavelength of
the bath is small, the path integral representation of the forward and backward
propagators, Û(t) and Û†(t), can be conveniently expressed in terms of mean and
difference paths. The phase of the time correlation function is then expanded in
the difference path and the expansion truncated to linear order. This results in
the following approximation for the correlation function (details of the derivation
can be found in reference [5])

〈Â · B̂(t)〉linad ∼
∑

i

∑

i′

∫

dRii′(0)

∫

dPii′(0)e−β{P 2

ii′
(0)/2M+Ei(Rii′

(0))}

×Aw
ii′(Rii′(0), Pii′(0))Bw

i′i(Rii′(t), Pii′(t))e
− i

~

R

t

0
dt′{Ei(Rii′

(t′))−E
i′

(R
ii′

(t′))} (7)

In this expression, the sums on i and i′ run over the quantum states, while Rii′(t)
and Pii′(t) are the positions and momenta of the classical subsystem at time t
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as obtained by propagating a trajectory according to

M
dRii′

dt
(t) = Pii′(t) (8)

and

dPii′

dt
(t) = Fii′(Rii′) (9)

from a set of initial conditions (Rii′(0), Pii′(0)). In the above equation

Fii′(Rii′) = −
1

2
[∇REi(Rii′(t)) + ∇REi′(Rii′(t))] (10)

is the mean of the Helmann-Feynman force corresponding to surfaces i and i′,
and, for example, Ei(R) is the i-th eigenvalue of the ”electronic” Hamiltonian at
nuclear configuration R corresponding to the adiabatic basis set |Ψi(R)〉 that de-
scribes the quantum subsystem. Aw

ii′(Rii′(0), Pii′(0)), for example, is the partial

Wigner transform in the bath’s variable of operator Â. The classical Boltzmann
factor with ”potential” Ei(R) is the correct thermal weight for the correlation
function if the temperature is high enough that the classical limit of the quantum
thermal density can be taken.

The algorithm for calculating the adiabatic linearized time correlation function
is in principle straightforward since, for each term in the correlation function, it
essentially involves sampling a set of initial conditions from the Boltzmann dis-
tribution corresponding to ”potential” Ei(R), propagating classical trajectories
and accumulating weights.

In spite of the apparent simplicity of the procedure just outlined, there are
rather serious numerical difficulties to be solved before it becomes a general
tool in condensed phase simulations. The different contributions the correlation
function are weighted by a phase factor proportional to the time integral of the
energy gap between the two states identified by the matrix elements of the oper-
ators. In general, as time goes by the integral grows inducing rapid oscillations
of the phase of the off-diagonal terms of the correlation function. At long times
it becomes difficult to account properly for the interference effects determined
by such oscillations in the average over trajectories. When calculating a lin-
earized correlation function, reducing the uncertainty on the average simply by
increasing the number of trajectories in the ensemble is not a viable solution.
The forces that govern the motion are determined by the gradients of the eigen-
values of the electronic Hamiltonian. These quantities must be obtained at each
time step by solving the appropriate time-independent Schrödinger equation, an
expensive operation that drastically reduces the accessible ensemble sizes. Dif-
ferent possible avenues are being explored to control the numerical instabilities
of linearized calculations. One approach that has been successfully employed
to calculate the calculation of the diffusion properties of an excess electron in a
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metal-molten salt solution [6] is to use a cumulant expansion. The strategy is to
introduce an exact rewriting of the different terms in the linearized correlation
function as a series of cumulants that separate, to some extent, the average of
the phase from that of the Wigner representation of the operators . Some of the
oscillating factors in the average are transformed in decaying exponentials by
virtue of the cumulant expansion (see ref. [6] for details). The presence of such
terms facilitates the numerical convergence of the calculation provided that the
cumulant expansion itself converges rapidly enough. Unfortunately, the speed of
convergence of the cumulant series cannot be assessed in general as it depends
on the system and on the specific nature of the observables in the correlation
function, in particular to the degree of correlation among them, but, in the case
we studied, the numerical tests are very encouraging.

IV. CONCLUSIONS

The above considerations should be intended as a cautionary tale: Quantum-
Classical Statistical Dynamics algorithms often come with hidden dangers. If the
approximations involved are well controlled, and the physical characteristics of
the system adequate, such algorithms can provide us with many useful insights
to a given problem. However, good numerical results should not encourage to
forget that there are still serious fundamental and practical issues to be resolved
before we can fully rely on them to reduce the cost of quantum dynamics while
maintaining the necessary accuracy. In particular, the competition among the
two different ”philosophical” approaches outlined above is still open and further
research is necessary in both directions to assess their relative merits.
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I. INTRODUCTION

Electron transfer (ET) in native or designed molecular structures has at-
tracted a substantial amount of research over the past decades [1]. However,
despite tremendous progress, still various rather fundamental questions need to
be elucidated. A central one concerns the role of environmental degrees of free-
dom, which are often neglected in approaches based on transport theories for
clean mesoscopic devices. Nevertheless, they are known to be crucial for charge
transfer in condensed phase structures [2, 3]. Furthermore, recent progress in
engineering fully tunable quantum structures allows for a study of multi-charge
transfer in the quantum realm and the effect of many-particle correlations [5].

A formally exact description of such open quantum systems valid for all tem-
peratures and damping strength is provided by the path integral approach ini-
tiated by the work of Feynman and Vernon [8] and developed in detail in the
1980s [1, 4, 6]. A real challenge, however, has been to evaluate the formally exact
expression for the reduced density matrix in parameter regions where analyti-
cal progress and perturbative simplifications are prohibitive. With the increas-
ing complexity of designed and controllable quantum systems on the nanoscale,
e.g. for quantum information processing or molecular electronics, the issue of
efficient numerical procedures in the real-time domain becomes a very crucial
one. Indeed, important achievements have been made in the last decade with
the development of advanced path integral Monte-Carlo methods (PIMC), the
quasi-adiabatic propagator scheme (QUAPI) [10], and basis set methods [7].

II. DISSIPATIVE DYNAMICS OF TIGHT BINDING SYSTEM

A successful description of quantum dissipation can been given in the frame-
work of a system+reservoir model

H = HS + HR + HI = HS +
∑

α

[

P 2
α

2mα
+

1

2
mαω2

α

(

Xα +
cα

mαω2
α

P

)2
]

, (1)
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with a system HS , a harmonic environment HR, and a bilinear system-bath
interaction HI . The latter is facilitated by the system’s polarization operator
P coupling to the collective dipole moment of the bath. The reduced density
matrix ρ(t) = trR{e

−iHt/~ W (0) eiHt/~} then includes the system’s full dynam-
ics, with an initial density matrix W (0) of the total system. The environment is
completely characterized by the spectral density J(ω) specifying the distribution
of the bath frequencies.

A reasonably accurate description of the great majority of ET systems is given
by a tight binding d-level Hamiltonian

HdLS = ~Ez − ~Sx , (2)

where Ez describes the energetic distribution of the lattice sites, Ez|s〉 = ǫs|s〉,
and Sx the tunneling couplings between them. ET can then be investigated
by studying the site populations Ps(t) = tr {|s〉〈s| ρ(t)}. Here, we only regard
nearest neighbor couplings, and assume an initial separation of the electron and
the environment.

Path integral techniques provides a formally exact expression for the reduced
dynamics. After integrating out the bath degrees of freedom, one obtains [1]

Ps(t) =

∮

Ds̃ δs̃(t),s exp

{

i

~
SS [s̃] − Φ[s̃]

}

. (3)

Here, the closed path s̃(t̃) combines a forward and backward path s(t′) and
s′(t′), while SS [s̃] denotes the action of the free system. The effect of the bath
is summarized in the influence functional Φ[s̃] [8], which, in terms of sum and
difference coordinates η(t) = [s(t) + s′(t)]/2 and ξ(t) = s(t) − s′(t), is given by

Φ[η, ξ] =

∫ t

0

dt′
∫ t′

0

dt′′ ξ(t′) [L′(t′ − t′′) ξ(u) + iL′′(t′ − t′′) η(t′′)]

+ i
µ̂

2

∫ t

0

dt′ ξ(t′) η(t′) , µ̂ =
2

π

∫ ∞

0

dω
J(ω)

ω
, (4)

where L(t) = L′(t) + iL′′(t) = 〈E(0)E(t)〉 is the bath autocorrelation function.
η(t) and ξ(t) can be regarded as quasi-classical and quantum coordinates [1]
since they describe the diagonal and off-diagonal elements of ρ(t), respectively.

For correlated ET, i.e. a molecular chain populated with multiple charges, an
adequate description is given by open Hubbard chains. Restricting ourselves to
the case of two charges with opposite spin, the latter can be mapped onto

H
(2)
dLS = ~Ez − ~[S↓

x + S↑
x] + U (5)

where Ez and S
↓/↑
x are straightforward generalizations of the corresponding op-

erators introduced above, and U describes an onsite Coulomb interaction. The
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influence functional is then obtained from Eq. (4) by simply replacing η(t) and
ξ(t) by η↓(t) + η↑(t) and ξ↓(t) + ξ↑(t), respectively.

To explicitly compute the dynamics, however, one has to evaluate the remain-
ing path integral in Eq. (3). Since the influence functional introduces long-ranged
retardations among the system paths, in general this is only feasible by numer-
ical means. While stochastic methods like PIMC allow to obtain numerically
exact results even for environmental parameters where approximative methods
fail, they are handicapped by the dynamical sign problem [9]. The latter origi-
nates from quantum interferences between different system paths, causing a fast
decaying signal-to-noise ratio. Various procedures to mitigate the sign problem
have been proposed, like QUAPI [10] or the multilevel blocking approach [11].
For the systems (2) and (5), a different scheme seems favorable which is based
on the fact that the influence functional (4) is asymmetric with respect to η(t)
and ξ(t): It introduces a self-coupling among the quantum coordinates while
lacking a similar term with respect to the quasi-classical coordinates. This can
be exploited in a twofold way: First, the integral over η(t) can be replaced by a
series of matrix multiplications [12], reducing the number of remaining degrees
of freedom by a factor of two. Second, as retardation effects in the quantum
coordinates are considerably stronger than in the quasi-classical ones, neglecting
the latter while generating the MC trajectories leads to an only minor impair-
ment of the sampling statistics. This causes an enormous speed-up of the matrix
multiplications [13] and allows to study the reduced dynamics of rather extended
systems over timescales up to the thermal equilibrium.

III. SINGLE ELECTRON TRANSFER

To study the ET dynamics across a molecular chain, we chose an ohmic spec-
tral density with exponential cutoff, J(ω) = 2παω e−ω/ωc , with bath parameters
which ensure fully incoherent dynamics while still being sufficiently close to the
coherent-incoherent transition such that quantum effects in the environment
should play a decisive role. The bridge connecting donor and acceptor is as-
sumed to be energetically degenerate except for an impurity at its center, which
is elevated (or lowered) by an energy gap ǫI . The focus of our study lies then on
the influence of this impurity on the transport from the donor to the acceptor.

In the realm of incoherent ET time-local master equations can prove rather
useful since they allow to study the transfer dynamics at significantly lower
computational costs than Monte Carlo simulations. In the regime of intermediate
system-bath coupling, an exact retarded master equation exists [1] which leads
to a simple Markovian rate equation. For a purely sequential transport, the
corresponding rate constants can then be readily extracted from PIMC data.

For molecular chains of various lengths and impurity energy offsets such a rate
picture yields an almost perfect agreement with our PIMC data [13]. The cor-
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FIG. 1: Bridge-impurity rate ΓBI as a function of the impurity energy gap ǫI . Markers,
dashed and solid lines denote rates extracted from PIMC simulations for various chain
length, classical Marcus, and quantum mechanical golden rule rates, respectively.

responding bridge-impurity rate ΓBI(ǫI) closely follows a quantum mechanical
golden rule expression while significantly deviating from the classical Marcus rate
(cf. Fig. 1). This indicates that for the given parameters, quantum effects are
rather prominent in the bath, making the validity of the rate picture somewhat
surprising. The agreement of the PIMC data with the sequential rate model also
suggests that for the given parameters superexchange can be widely neglected.

IV. CORRELATED ELECTRON TRANSFER

In the multi-charge sector, the reduced dynamics is strongly influenced by
additional symmetries of the system [14]: First, HS and HI (and therefore also
H) are invariant under particle permutation, |s↓, s↑〉 ↔ |s↑, s↓〉. This symmetry
divides H into two invariant subspaces, refering to the eigenstates of the permu-
tation operator with eigenvalues ±1. Second, s↓ and s↑ can also be interpreted

as the magnetic quantum numbers of two pseudoangular momenta ~J↓ and ~J↑,
respectively. For certain parameter values, H conserves the total pseudoangular

momentum, [H, ( ~J↓ + ~J↑)2] = 0, leading to a further decomposition of H into
up to d invariant subspaces.

Accordingly, the dynamics remains restricted to initially populated subspaces
only since neither HS nor the coupling to the bath can induce transitions. As
an immediate consequence, the equilibrium populations of the system’s Hilbert
space are no longer Boltzmann distributed, rendering any attempt to employ a
rate picture futile. The latter even fail to accurately capture the dynamics within
a single invariant subspace since these are subject to the same environment,
which correlates their dynamics by phonon-induced couplings. An exception
are initial preparations which populate only one of the subspaces, e.g. if both
electrons are simultaneously injected at the same end of the chain, cf. Fig. 2.
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FIG. 2: Initial dynamics of a two-particle system for d = 3 with completely degenerate
onsite energies, uniform tunneling couplings, and U = 0, initially prepared at |s↓, s↑〉 =
|−1,−1〉. Shown are PIMC data for the localized populations Ps↓,s↑ and predictions
from a rate approach (solid line).

While the conservation of the total pseudoangular momentum is tied to various
relations between the system’s parameters which, at least for longer chains,
become rather unlikely to be met in native structures, the particle permutation
symmetry is rather robust in the absence of magnetic fields. Nevertheless, even
when these symmetries are slightly broken, they still leave a distinct signature
in the system’s dynamics [14].
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This article reviews the path integral formulation and its time derivative that
leads to a set of hierarchical equations of motion (EOM) for treating nonper-
turbative and non-Markovian quantum dissipation at an arbitrary finite tem-
perature. Quantum dissipation refers to the reduced dynamics of a system em-
bedded in a medium (or bath). The latter consists of macroscopic degrees of
freedom whose effects on the system should be treated in a statistical manner.
Consequently, the system of primary interest undergoes energy relaxation and
dephasing processes, evolving eventually to the thermal equilibrium state.

The development of quantum dissipation theory has involved diversified fields
of research, such as nuclear magnetic resonance, quantum optics, molecu-
lar spectroscopy, condensed phase physics, and chemical physics [1–20]. The
key quantity in quantum dissipation theory is the reduced density operator,
ρ(t) ≡ trBρT(t), i.e., the partial trace of the total density operator over the bath
space. The reduced dynamics of ρ(t) can be formulated exactly. One standard
formalism is the path integral expression, in which the effect of harmonic bath
linearly coupled to the reduced system is described by the Feynman-Vernon in-
fluence functional [15–18]. This formalism is, however, numerically expensive
and feasible only to few-level systems with moderate parameters for the non-
Markovian bath couplings. Alternatively, differential EOM that has the numeri-
cal advantage over the integral formulation, has been derived from path integral
for both harmonic [18–20] and anharmonic systems [21–25]. Our previous work
has discussed the general construction on the basis of calculus on path integral,
the truncation schemes to the resulting hierarchical EOM, and the application to
the kinetics and thermodynamics of electron transfer in Debye solvents [25–27].

To familiarize ourselves with the path integral formalism, let us start with the
nondissipative (Hilbert-space) propagator U(t, t0) for a wave function,

ψ(t) = U(t, t0)ψ(t0), (1)
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which satisfies the Schrödinger equation (setting ~ ≡ 1 and ∂t ≡ ∂/∂t)

∂tU(t, t0) = −iH(t)U(t, t0). (2)

In the real-space representation, Eq. (1) reads

ψ(x, t) =

∫

dx0U(x, t;x0, t0)ψ(x0, t0). (3)

Inserting the complete sets at intermediate time points leads the propagator to

U(x, t;x0, t0) =

∫

dxN

∫

dxN−1 · · ·

∫

dx1U(x, t;xN , tN )

×U(xN , tN ;xN−1, tN−1) · · ·U(x1, t1;x0, t0). (4)

Setting ∆t = tj+1 − tj → 0, the above expression becomes

U(x, t;x0, t0) =

∫ x[t]

x0[t0]

Dx eiS[x]. (5)

This is the path integral expression for the non-dissipative space-time propagator
[15, 16]. The S[x] in the integrand is the classical action functional, evaluated
along a path x(τ) with the constraints of two ending points x(t0) = x0 and
x(t) = x:

S[x] ≡

∫ t

t0

dτL(x, ẋ; τ) ≡

∫ t

t0

dτ [pẋ −H(x,p; τ)]. (6)

Here, L = pẋ−H is the classical Lagrangian function. The Schrödinger equation
[Eq. (2)] can be recovered by taking the time derivative of Eq. (5), together with
noticing the constraint that the terminal point x is fixed; thus the pẋ term
has no contribution. In an arbitrary representation, the above path integral
expression is written as

U(α, t;α0, t0) ≡ 〈α|U(t, t0)|α0〉 =

∫ α

α0

Dα eiS[α]. (7)

The ending points of α(t0) = α0 and α(t) = α are implied.
Consider now the path integral formalism for dissipative systems. The total

composite system–plus–bath Hamiltonian is

HT(t) = H(t) −
∑

a

QaF̂a + hB. (8)

Here, H(t) is the deterministic system Hamiltonian describing the coherent mo-
tion of the reduced system, which may be subject to a time-dependent coherent
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field drive, while hB is the bath Hamiltonian. The second term in Eq. (8) denotes
the system-bath interaction. It is expressed in the multiple dissipative mode de-
composition form, in which {Qa} and {F̂a} are the system and bath operators,
respectively, and are both assumed to be Hermitian.

The effect of system-bath interaction on the reduced system dynamics can be
described in terms of the so-called Feynman–Vernon influence functional path
integral formalism. Traditionally, the influence functional is derived for the
single-mode system-bath coupling [15, 16, 18], assuming the bath hB consists of a
set of uncoupled harmonic oscillators {qj} and the system-bath interaction takes

the form H ′ = −QF̂ = −Q
∑

j cjqj . In the following, the influence functional
for the multi-mode system-bath interaction will be revisited by considering the
Gaussian statistical property, which is the essence of harmonic bath coupling to
the system via a linear combination of the coordinates and momenta of bath
oscillators. So the stochastic bath operators,

F̂a(t) ≡ eihBtF̂ae
−ihBt, (9)

will be treated as a Gaussian stochastic process. Hereafter we set β ≡ 1/(kBT )
and ρeq

B = e−βhB/trBe
−βhB . We have that

〈F̂a(t)〉B ≡ trB[F̂a(t)ρeq
B

] = 0. (10)

Here the first identity denotes the stochastic bath ensemble average, 〈 · 〉B ≡
trB( · ρeq

B ). The effects of Gaussian stochastic bath operators are completely
described by their correlation functions,

Cab(t− τ) = 〈F̂a(t)F̂b(τ)〉B. (11)

They satisfy the symmetry and detailed-balance relations of the canonical bath
ensembles,

C∗
ab(t) = Cba(−t) = Cab(t− iβ). (12)

The total density operator satisfies ρ̇T(t) = −i[HT(t), ρT(t)]. In the hB-
interaction picture, it leads to

ρI
T(t) ≡ eihBtρT(t)e−ihBt = UT(t, t0; {F̂a(t)})ρI

T(t0)U
†
T(t, t0; {F̂a(t)}), (13)

where

∂tUT(t, t0; {F̂a(t)}) = −i
[

H(t) −
∑

a

QaF̂a(t)
]

UT(t, t0; {F̂a(t)}). (14)

Let {|α〉} be a basis set in the system subspace. In terms of the path integral
formulation we have

UT(α, t;α0, t0; {F̂a(t)}) =

∫ α

α0

Dα eiS[α] exp+

{

i
∑

a

∫ t

t0

dτQa[α(τ)]F̂a(τ)
}

. (15)
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The action functional S[α] is now related to the reduced system Hamiltonian
H(t) only. The system operator Qa has also been represented in path integral

representation. On the other hand, the stochastic bath dynamic variable F̂a(τ)
remains in the operator form that involves in the chronologically time-ordered
exponential function. Similarly, we have

U†
T(α′, t;α′

0, t0; {F̂a′(t)}) =

∫ α′

α′
0

Dα′ e−iS[α′] exp−

{

−i
∑

b

∫ t

t0

dτQb[α
′(τ)]F̂b(τ)

}

.

(16)
To proceed, let us consider an uncorrelated initial ρT(t0) = ρ(t0)ρ

eq
B = ρI

T(t0).
The reduced density operator, ρ(t) ≡ trB[ρT(t)] = trB[ρI

T(t)], is then [cf. Eq. (13)]

ρ(t) = trB[UT(t, t0; {F̂a(t)})ρ(t0)e
−βhBU†

T(t, t0; {F̂a′(t)})ρeq
B
eβhB ]

= 〈UT(t, t0; {F̂a(t− iβ)})ρ(t0)U
†
T(t, t0; {F̂a′(t)})〉B

≡ U(t, t0)ρ(t0) (17)

The second identity is obtained by using the trace cyclic invariance and the
relation eβhB F̂a(t)e−βhB = F̂a(t − iβ). The last identity in Eq. (17), which is
equivalent to

ρ(α, α′, t) =

∫ ∫

dα0dα
′
0 U(α, α′, t;α0, α

′
0, t0)ρ(α0, α

′
0, t0), (18)

defines the reduced Liouville-space propagator U(t, t0). From Eqs. (15)–(18),

U(α, α′, t;α0, α
′
0, t0) =

∫ α

α0

Dα

∫ α′

α′
0

Dα′ eiS[α]F [α, α′]e−iS[α′], (19)

with the influence functional

F [α, α′] =
〈

exp+

{

i
∑

a

∫ t

t0

dτ Qa[α(τ)]F̂a(τ − iβ)
}

× exp−

{

−i
∑

b

∫ t

t0

dτ Qb[α
′(τ)]F̂b(τ)

}〉

B

.

≡ exp {−Φ[α, α′]} . (20)

For {F̂a(t)} satisfying Gaussian statistics, the bath ensemble average in Eq. (20)
can be evaluated exactly via the second-order cumulant expansion, as the higher
order cumulants are all vanished. This property, together with Eqs. (11) and

38

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



(12), lead the influence functional exponent to the expression of

Φ[α, α′] =
∑

a,b

{
∫ t

t0

dτ2

∫ τ2

t0

dτ1Qa[α(τ2)]Qb[α(τ1)]Cab(τ2 − τ1)

+

∫ t

t0

dτ2

∫ τ2

t0

dτ1Qb[α
′(τ1)]Qa[α′(τ2)]C

∗
ab(τ2 − τ1)

−

∫ t

t0

dτ2

∫ t

t0

dτ1Qa[α(τ2)]Qb[α
′(τ1)]C

∗
ab(τ2 − τ1)

}

=
∑

a

∫ t

t0

dτ
{

Qa[α(τ)] −Qa[α′(τ)]
}{

Q̃a(τ ;α) − Q̃∗
a(τ ;α′)

}

, (21)

with

Q̃a(t;α) ≡
∑

b

∫ t

t0

dτ Cab(t− τ)Qb[α(τ)], (22a)

Q̃∗
a(t;α′) ≡

∑

b

∫ t

t0

dτ C∗
ab(t− τ)Qb[α

′(τ)]. (22b)

In deriving the second identity of Eq. (21), we have used the identity
∫ t

t0
dτ2

∫ t

t0
dτ1 =

∫ t

t0
dτ2

∫ τ2

t0
dτ1 +

∫ t

t0
dτ1

∫ τ1

t0
dτ2, followed by exchanging dummy

variables τ1 ↔ τ2 (and also a ↔ b) involving in the latter term. Equations
(18)–(22) constitute the final path integral formalism of the reduced dynamics.

Now turn to the EOM of the reduced system density operator ρ(t). It is to be
derived from Eq. (18) with Eq. (19) by taking the time derivative on the action
and influence functionals term by term. The general methodology can be referred
to Ref. [25]. In the following we shall only consider the single dissipative mode

coupling case, in which the system-bath interaction assumes H ′(t) = −QF̂ (t),

with only a single bath force-force correlation function C(t) = 〈F̂ (t)F̂ 〉B. The
EOM for multi-mode system-bath coupling cases that may exhibit some inter-
esting dissipation-induced mode correlating effects will be published in the near
future.

The hierarchically coupled EOM for general systems can be obtained via the
spectral density J(ω) parametrization method [28–33]. The correlation func-
tion C(t) is related to the spectral density J(ω) via the fluctuation-dissipation
theorem [32, 33],

C(t) =
1

π

∫ ∞

−∞

dω
e−iωtJ(ω)

1 − e−βω
. (23)

In this paper, the spectral density J(ω) is assumed to be of the following
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parametrized form [28, 30, 32, 33]:

J(ω) =
η0ω

(ω2 + γ2
0)2

+

K
∑

k=1

ηkω

|ω2 − (ωk + iγk)2|2
. (24)

Here, all the parameters ηk, ωk and γk are real. The bath correlation function
C(t), obtained via Eq. (23), can then be expressed as the following form:

C(t) = [ν0 + (ν1 + iµ1)γ0t] e
−γ0t

+

K
∑

k=1

[ν2k cos(ωkt) + (ν2k+1 + iµ2k+1) sin(ωkt)] e
−γkt

+

M
∑

m=1

ν2K+1+me
−γ2K+1+mt. (25)

The total number of terms in C(t) is KM + 1 with

KM ≡ 2K + 1 +M. (26)

In the last line of Eq. (25) is the summation over Matsubara terms with the
Matsubara frequencies̟m ≡ 2πm/β ≡ γ2K+1+m andM is a truncation number.
All the coefficients in Eq. (25) are real. Their details are referred to Refs. [32, 33].

To construct the EOM, let us introduce:

Q̃l(t;α) ≡

∫ t

t0

dτ e−γl(t−τ)Q[α(τ)]; l = 0 or 2K + 2, · · · ,KM , (27a)

Q̃1(t;α) ≡

∫ t

t0

dτ γ0(t− τ)e−γ0(t−τ)Q[α(τ)], (27b)

Q̃2k(t;α) ≡

∫ t

t0

dτ e−γk(t−τ) cos[ωk(t− τ)]Q[α(τ)]; k = 1, · · · ,K, (27c)

Q̃2k+1(t;α) ≡

∫ t

t0

dτ e−γk(t−τ) sin[ωk(t− τ)]Q[α(τ)]; k = 1, · · · ,K. (27d)

We have that (defining ω0 ≡ γ0)

∂tQ̃l = Q− γlQ̃l; l = 0 or 2K + 2, · · · ,KM , (28a)

∂tQ̃2k = Q− γkQ̃2k − ωkQ̃2k+1; k = 1, · · · ,K, (28b)

∂tQ̃2k+1 = ωkQ̃2k − γkQ̃2k+1; k = 0, · · · ,K. (28c)

These relations allow the construction of EOM in a hierarchically coupled man-
ner.
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The final result of the hierarchical EOM can be summarized as follows. It
reads as

∂tρn = −(iL + γn)ρn − i

KM
∑

l=0

Qρ
n
+

l
− i

K
∑

k=0

Qρ
n̄
+

2k+1

−i

K
∑

k=0

n2kν2kQρ
n
−

2k
+

K
∑

k=0

n̄2kν2kQ+ρ
n̄
−

2k
− i

KM
∑

l=2K+2

nlνlQρ
n
−

l

+

K
∑

k=0

ωk

ν2k

[

n2k+1ν2k+1ρn
2k
2k+1

+ n̄2k+1µ2k+1ρn̄
2k
2k+1

]

−

K
∑

k=1

ωkν2k

[

n2k

ν2k+1
ρ

n
2k+1

2k

+
n̄2k

µ2k+1
ρ

n̄
2k+1

2k

]

. (29)

Here, LÔ ≡ [H, Ô], QÔ ≡ [Q, Ô], and Q+Ô ≡ QÔ + ÔQ.
In Eqs. (29), ρn=0 ≡ ρ is the reduced density operator of primary inter-

est, while others are the auxiliary operators in the hierarchy. Each ρn(t) ≡
Un(t, t0)ρ(t0) is specified by its index-vector of

n ≡ {n0, n1, · · · , nKM
, n̄0, n̄1, · · · , n̄2K+1}, nj , n̄k = 0, 1, · · · (30)

and the corresponding influence functional is

Fn ≡

KM
∏

l=0

[−iνl(Q̃l − Q̃′
l)]

nl

×

K
∏

k=0

{

[ν2k(Q̃2k + Q̃′
2k)]n̄2k [µ2k+1(Q̃2k+1 + Q̃′

2k+1)]
n̄2k+1

}

F . (31)

The index-vector n
±
j (n̄±j ), which identifies ρ

n
±

j
(ρ

n̄
±

j
), stems from the index-

vector n with the specified index nj (n̄j) changed to nj ± 1 (n̄j ± 1) while all
the others unchanged. Furthermore, the index-vector n

l
j (n̄l

j), for ρ
n

l
j

(ρ
n̄

l
j
), is of

the two specified indexes (nj , nl) → (nj − 1, nl + 1) ((n̄j , n̄l) → (n̄j − 1, n̄l + 1));

otherwise the same as those of n. As all Q̃(t0) = 0, the initial conditions to
Eqs. (29) are Un = δn0; i.e., ρn=0(t0) = ρ(t0) and ρn6=0(t0) = 0. Finally, the γn

in Eqs. (29) is

γn ≡

K
∑

k=0

(n2k + n̄2k + n2k+1 + n̄2k+1)γk +

KM
∑

l=2K+2

nlγl. (32)
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Note that Q̃ in Eq. (22) is of the second-order in the system-bath interaction.

The total order in terms of the Q̃l-power in Eq. (31) is of

nn ≡

KM
∑

l=0

nl +

2K+1
∑

l=0

n̄l. (33)

Thus, to account for the (2n)th-order system-bath interaction, one shall collect

all ρn that have nn = n. The number of such ρn with nn = n is Nn = (n+m−1)!
n! (m−1)!

where m = M + 4(K + 1) is the number of elements in the index-vector n.
Let ρn ≡ {ρn;nn = n} be a vector of those ρn that have nn = n. The coupled

EOM of Eqs. (29) can then be re-arranged as

∂tρn = −Λnρn − iAnρn−1 − iQBnρn+1. (34)

Here Λn, An and Bn are all matrices. Their elements consist of either commu-
tators, anti-commutations, or numbers. More specifically, Λn is an (Nn × Nn)
matrix, with its diagonal elements being from the first term on the right-hand-
side of Eqs. (29), and non-diagonal elements from the last two lines in Eqs. (29);
An is an (Nn×Nn−1) matrix with elements arising from those terms on the sec-
ond line in Eqs. (29); and finally, Bn is an (Nn ×Nn+1) matrix, whose elements
are either 1 or 0 according to the last two terms on the first line in Eqs. (29).
All Λn, An and Bn are sparse matrices. Note that Eqs. (34) [or equivalently
Eqs. (29)] are valid for systems in the presence of time-dependent external fields.

Finally, let us construct the continued fraction formalism of the reduced
dynamics, for the systems in the absence of time-dependent external fields.
The continued fraction expressions are formulated starting from the vector
Un ≡ {Un;nn = n}, for which Eqs. (34) amount to

∂tUn = −ΛnUn − iAnUn−1 − iQBnUn+1. (35)

For n = 0, the dimension of vector U0 is N0 = 1. It is just the desired re-
duced Liouville-space propagator U(t, t0) of primary interest. In the case of
time-independent reduced system Hamiltonian H, Un(t, t0) = Un(t− t0). Thus
Eqs. (35), together with the initial conditions of Un(0) = δn0, can be resolved in
the Laplace domain as

iAnÛn−1(s) + (s+ Λn)Ûn(s) + iQBnÛn+1(s) = δn0. (36)

Defining

Û0(s) ≡ Ĝ0(s) and Ûn(s) ≡ −iĜn(s)AnÛn−1(s); for n ≥ 1, (37)

Eqs. (36) can be transformed into

QBnĜn+1(s)An+1Ĝn(s) + (s+ Λn)Ĝn(s) = 1, (38)
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resulting in the continued fraction formalism of the reduced dynamics,

Ĝn(s) =
1

s+ Λn + QBnĜn+1(s)An+1

. (39)

The advantage of the continued fraction formulation, Eqs. (39) or Eqs. (38), is

that Ĝn only couples with Ĝn+1, not like Ûn which couples with both Ûn−1 and

Ûn+1. Thus the evaluation of the reduced dynamics can be done in a recursive

manner starting from one truncated Ĝntrun
. This continued fraction formalism,

combined with the Dyson equation technique, has been recently applied to study
the electron transfer reactions in Debye solvents [26, 27].

To summarize, by considering the time derivative on the path integral formu-
lations, hierarchical EOM are constructed in the increasing order of system-bath
interaction. Continued fraction formalism is also obtained for time-independent
reduced Hamiltonian systems. In applications, the EOM (or the continued frac-
tion) need to be truncated at a certain converged manner. This may be done

by setting ρntrun
= 0 (Untrun

= Ĝntrun
= 0), or via some other truncation

schemes that can be referred to Refs. [8, 23, 25]. The present theory constitutes
a systematic, non-perturbative approach to quantum dissipative dynamics with
non-Markovian dissipation at an arbitrary finite temperature in the presence of
time-dependent field driving. Although the resulting EOM may be complicated,
it is numerically more tractable in comparison to path integral formulations.
Demonstrations and applications will be published elsewhere.

Acknowledgments

Support from the NNSF of China (No. 50121202, No. 20403016 and No.
20533060), Ministry of Education of China (No. NCET-05-0546), and the RGC
Hong Kong is acknowledged.

[1] A. G. Redfield, Adv. Magn. Reson. 1 (1965) 1.
[2] S. Mukamel, Adv. Chem. Phys. 47 (1981) 509.
[3] W. T. Pollard, A. K. Felts and R. A. Friesner, Adv. Chem. Phys. 93 (1996) 77.
[4] M. Golden, J. Magn. Reson. 149 (2001) 160.
[5] Q. Shi and E. Geva, J. Chem. Phys. 119 (2003) 12063.
[6] J. S. Shao, J. Chem. Phys. 120 (2004) 5053.
[7] J. S. Shao, Chem. Phys. 322 (2006) 187.
[8] Y. Tanimura, J. Phys. Soc. Jpn. 75 (2006) 082001.
[9] M. Born and K. Huang, Dynamical Theory of Crystal Lattices (Oxford University

Press, New York, 1985).

43

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



[10] R. Kubo, M. Toda and N. Hashitsume, Statistical Physics II: Nonequilibrium
Statistical Mechanics (Springer-Verlag, Berlin, 2nd Ed., 1985).

[11] N. G. van Kampen, Stochastic Processes in Physics and Chemistry (North-
Holland, Amsterdam, 1992).

[12] S. Mukamel, The Principles of Nonlinear Optical Spectroscopy (Oxford University
Press, New York, 1995).

[13] H. P. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford
University Press, New York, 2002).

[14] A. Nitzan, Chemical Dynamics in Condensed Phases: Relaxation, Transfer and
Reactions in Condensed Molecular Systems (Oxford University Press, New York,
2006).

[15] U. Weiss, Quantum Dissipative Systems (World Scientific, Singapore, 1999), 2nd
ed. Series in Modern Condensed Matter Physics, Vol. 10.

[16] R. P. Feynman and F. L. Vernon, Jr., Ann. Phys. (N. Y.) 24 (1963) 118.
[17] N. Makri, J. Math. Phys. 36 (1995) 2430.
[18] H. Grabert, P. Schranm and G. L. Ingold, Phys. Rep. 168 (1988) 115.
[19] B. L. Hu, J. P. Paz and Y. Zhang, Phys. Rev. D 45 (1992) 2843.
[20] R. Karrlein and H. Grabert, Phys. Rev. E 55 (1997) 153.
[21] Y. Tanimura and R. Kubo, J. Phys. Soc. Jpn. 58 (1989) 101.
[22] Y. Tanimura and P. G. Wolynes, Phys. Rev. A 43 (1991) 4131.
[23] A. Ishizaki and Y. Tanimura, J. Phys. Soc. Jpn. 74 (2005) 3131.
[24] J. T. Stockburger and C. H. Mak, J. Chem. Phys. 110 (1999) 4983.
[25] R. X. Xu, P. Cui, X. Q. Li, Y. Mo and Y. J. Yan, J. Chem. Phys. 122 (2005)

041103.
[26] P. Han, R. X. Xu, B. Q. Li, J. Xu, P. Cui, Y. Mo and Y. J. Yan, J. Phys. Chem.

B 110 (2006) 11438.
[27] P. Han, R. X. Xu, P. Cui, Y. Mo, G. Z. He and Y. J. Yan, J. Theore. & Comput.

Chem. 5 (2006) 685.
[28] C. Meier and D. J. Tannor, J. Chem. Phys. 111 (1999) 3365.
[29] M. V. Korolkov, J. Manz and G. K. Paramonov, J. Phys. Chem. 100 (1996) 13927.
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I. INTRODUCTION

Femtosecond laser spectroscopy has revealed that many photoinduced pro-
cesses in complex molecular systems occur on a sub-picosecond timescale [1].
Prominent examples include cis-trans photoisomerization reactions in proteins
[2] and photoinduced charge transfer processes in solution or on surfaces [3–9].
The accurate description of quantum effects in such reactions continues to be
a central issue in chemical reaction dynamics. Although at present there is no
practical method that is capable of simulating quantum dynamics for a general,
complex molecular system with arbitrary nuclear potentials, significant progress
has been made recently in devising methods that allow accurate simulations of
certain classes of quantum dynamical processes in large molecular systems or in
the condensed phase.

Considering only methods that allow a numerically exact simulation of quan-
tum dynamics in a condensed phase environment, two different strategies have
been followed: First, path-integral methods based on the influence-functional
technique [10], where the environment is formally integrated out. For example,
numerical path-integral calculations based on this idea [11–16] have been used
successfully to study the dynamics of the spin-boson model [17] — a two-level
system interacting with a harmonic bath. For cases where the influence func-
tional is known analytically, e.g. for a harmonic or spin bath, this method allows
the description of a problem with an (in principle) infinite number of degrees of
freedom. For ultrafast molecular processes, however, one is typically only inter-
ested in the dynamics on a relatively short timescale (up to a few picoseconds).
Since on this timescale only a limited number of degrees of freedom can be re-
solved, the infinite number of degrees of freedom of the bath (e.g., a solvent) can
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be represented by a finite number of degrees of freedom. In this case basis-set
methods for wave packet or density matrix propagation can be used to describe
the corresponding dynamics, which represents the second, alternative, approach.

A particularly efficient basis-set method for simulating quantum dynamics
in large systems is the multi-layer (ML) formulation [18, 19] of the multi-
configuration time-dependent Hartree (MCTDH) method [20–22]. The perfor-
mance of this method has been demonstrated by applications to a variety of
ultrafast photoreactions in the condensed phase including various model studies
of electron transfer (ET) reactions, photoinduced ET reactions in mixed-valence
compounds in solution, heterogeneous ET reactions at dye–semiconductor in-
terfaces, and photoisomerization reactions in a condensed phase environment
[18, 23–27]. In this article, we review the basic ideas of the ML-MCTDH method
and illustrate the performance of the method by applications to simulate het-
erogeneous electron-transfer in the dye–semiconductor system coumarin 343 –
TiO2.

II. THEORETICAL METHODOLOGY

A. Hamiltonian and observables of interest

To study the dynamics of a molecular system in a condensed phase environ-
ment we consider the generic Hamiltonian

H = Hs + Hb + Hsb, (1)

where Hs and Hb denote the Hamiltonian of the system and environment (the
“bath”), respectively, and Hsb their interaction. In many applications, the
dynamical observables can be represented in the form of correlation functions
(throughout this paper we use atomic units in which ~ = 1),

CAB(t) = tr
{

ρbAeiHtBe−iHt
}

. (2)

Here, A and B denote operators involving the “system” degrees of freedom that
correspond to some physical quantities (e.g., the reduced density matrix, dipole
moment, etc.) and ρb is the initial density matrix for the “bath” degrees of
freedom. To evaluate the trace we use a direct product basis |n〉|j〉, where the
“bath” states {|n〉} are the eigenstates of Hb, i.e.,

ρb =
∑

n

pn|n〉〈n|, (3)

and the “system” states {|j〉} are any convenient basis, in which operator A has
the representation

A =
∑

j

∑

i

aij |i〉〈j|, (4)
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where aij ≡ 〈i|A|j〉. Using this basis to evaluate the trace leads to the following
expression for CAB(t),

CAB(t) =
∑

n

pn

∑

j

∑

i

aij〈Ψ
j
n(t)|B|Ψi

n(t)〉, (5)

where

|Ψi
n(t)〉 = e−iHt|Ψi

n(0)〉 = e−iHt|i〉|n〉. (6)

Thus, the major computational task is to solve the time-dependent
Schrödinger equations

i
∂

∂t
|Ψi

n(t)〉 = H|Ψi
n(t)〉, n, i = 1, 2, ... (7)

with initial conditions

|Ψi
n(0)〉 = |n〉|i〉. (8)

B. Multi-layer version of the multi-configuration time-dependent

Hartree method

To solve the time-dependent Schrödinger equation we employ the multi-layer
(ML) version [18] of the multi-configuration time-dependent Hartree method
(MCTDH). In the original (single-layer) MCTDH method [20–22, 28], the overall
wave function is expanded in terms of many time-dependent configurations

|Ψ(t)〉 =
∑

J

AJ(t)|ΦJ(t)〉 ≡
∑

j1

∑

j2

...
∑

jM

Aj1j2...jM
(t)

M
∏

k=1

|φk
jk

(t)〉. (9)

Here, |φk
jk

(t)〉 is the “single-particle” (SP) function for the kth SP degree of
freedom and M denotes the number of SP degrees of freedom. Each SP group
usually contains several (Cartesian) degrees of freedom in our calculation, and for
convenience the SP functions within the same SP degree of freedom are chosen
to be orthonormal. The equations of motion for the expansion coefficients and
the SP functions are obtained [20] from the Dirac-Frenkel variational principle
[29].

The main limitation of the MCTDH approach lies in its way of constructing the
SP functions, which is based on a full configuration-interaction (FCI) expansion

|φk
n(t)〉 =

∑

I

Bk,n
I (t)|uk

I 〉 ≡
∑

i1

∑

i2

...
∑

iF (k)

Bk,n
i1i2...iF (k)

(t)

F (k)
∏

q=1

|ϕk,q
iq

〉. (10)
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Here F (k) is the number of Cartesian degrees of freedom within the kth SP

group, and |ϕk,q
iq

〉 denotes the corresponding time-independent primitive basis

functions for the qth Cartesian degree of freedom. The FCI-type expansion of
the SP functions in Eq. (10) is usually limited to a few (∼ 10) degrees of freedom
due to the exponential scaling of the number of basis functions versus the number
of degrees of freedom in one SP group. Furthermore, the multi-configurational
expansion of the wave function in Eq. (9) is typically limited to ∼ 10 SP groups.
As a result, a routine MCTDH calculation is limited to systems with a few tens
of quantum degrees of freedom.

The recently proposed ML-MCTDH theory [18] circumvents this limitation
by using a dynamic contraction of the basis functions that constitute the SP
functions. Thereby, the FCI-type construction of the SP functions in Eq. (10)
is replaced by a time-dependent multi-configurational expansion

|φk
n(t)〉 =

∑

I

Bk,n
I (t) |uk

I (t)〉 ≡
∑

i1

∑

i2

...
∑

iQ(k)

Bk,n

i1i2...iQ(k)(t)

Q(k)
∏

q=1

|vk,q
iq

(t)〉, (11)

i.e., the basic MCTDH strategy is adopted to treat each SP function. Here, Q(k)
denotes the number of level two (L2)-SP degrees of freedom in the kth level one

(L1)-SP group and |vk,q
iq

(t)〉 is the L2-SP function for the qth L2-SP degree of

freedom. The expansion of the overall wave function can thus be written in the
form

|Ψ(t)〉 =
∑

j1

∑

j2

...
∑

jM

Aj1j2...jM
(t) (12)

×

M
∏

k=1





∑

i1

∑

i2

...
∑

iQ(k)

Bk,jk

i1i2...iQ(k)
(t)

Q(k)
∏

q=1

|vk,q
iq

(t)〉



 .

The equations of motion within the ML-MCTDH approach can be obtained
from the Dirac–Frenkel variational principle [18]. For two layers, they are given
by

i
∣

∣

∣
Ψ̇(t)

〉

L1 coefficients
= Ĥ(t)

∣

∣

∣
Ψ(t)

〉

, (13)

i
∣

∣

∣
φ̇

k
(t)

〉

L2 coefficients
=

[

1 − P̂ k(t)
]

[

ρ̂k(t)
]

−1
〈

Ĥ(t)
〉k ∣

∣

∣
φk(t)

〉

, (14)

i
∣

∣

∣
v̇k,q(t)

〉

L3 coefficients
=

[

1 − P̂ k,q
L2 (t)

]

[

ˆ̺k,q(t)
]

−1
〈

Ĥ(t)
〉k,q ∣

∣

∣
vk,q(t)

〉

, (15)
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where the mean-field operators, reduced densities, and projection operators are
defined in Ref. [18].

The inclusion of several dynamically optimized layers in the ML-MCTDH
method provides more flexibility in the variational functional, which signifi-
cantly advances the capability of performing wave packet propagations in com-
plex systems. This has been demonstrated by applications to several examples
of photoreactions in the condensed phase including many degrees of freedom
[18, 19, 23–27]. As an illustration of the performance of the method, we consider
an example of an ultrafast photoreactions in the condensed phase: photoinduced
electron injection in the dye–semiconductor system coumarin 343 – TiO2.

III. ILLUSTRATIVE APPLICATION

Photoinduced ET reactions at dye–semiconductor interfaces represent an in-
teresting class of charge transfer processes. In particular, the process of electron
injection from an electronically excited state of a dye molecule to a semiconduc-
tor substrate has been investigated in great detail experimentally in recent years
[5, 6, 9, 30–32]. This process represents a key step for photonic-energy conversion
in nanocrystalline solar cells [5, 33, 34]. Employing femtosecond spectroscopy
techniques, it has been demonstrated that electron injection processes often take
place on an ultrafast timescale. Electron injection as fast as 6 fs has been re-
ported for alizarin adsorbed on TiO2 nanoparticles [35]. For other sensitizing
chromophores, e.g. coumarin 343 [6, 30, 34, 36] or perylene [9], injection times
on the order of tens to hundreds of femtoseconds have been found. Studies of dye
molecules with electron injection timescales on the order of a few tens to a few
hundred femtoseconds also indicate that the coupling to the vibrational modes
of the chromophore may have a significant impact on the injection dynamics
[9, 37].

Here, we consider the electron injection dynamics of the dye–semiconductor
system coumarin 343 (C343) – TiO2. The model used to describe this hetero-
geneous ET reaction has been described in detail elsewhere [38]. It is based on
an Newns-type Hamiltonian [24, 39] and includes the relevant electronic states,
the intramolecular modes of the chromophore C343 as well as a coupling to a
thermal bath to describe the influence of the surrounding solvent on the ET re-
action. In the calculation, 202 electronic states, 38 intramolecular modes as well
as 40 solvent modes are taken into account explicitly. The dynamical simulations
have been performed fully quantum mechanically employing the ML-MCTDH
method.

The result of the simulation shown in Fig. 1 exhibits an ultrafast injection
of the electron from the electronically excited state of C343 into the semicon-
ductor: More than 80% of the population of the initially prepared donor state
decays within 20 fs into the conduction band of titanium oxide. This timescale
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FIG. 1: Electron injection dynamics of the C343 – TiO2 system. Shown is the popula-
tion of the donor state after photoexcitation with (full line) and without (dashed line)
coupling to the nuclear degrees of freedom. Adapted from Ref. [38].

is at the lower boundary of experimental results for the C343 – TiO2 system,
where injection times in the range between 20 fs and 200 fs have been found
using different techniques [6, 30, 34, 36]. In addition to the dominating ultra-
fast injection, the simulation results also show a small component with slower
injection dynamics and oscillatory structure superimposed on the decay. The
comparison with a purely electronic calculation (dashed line in Fig. 1) (where
the coupling to the nuclear degrees of freedom has been neglected) reveals that
both the slowly decaying component and the oscillatory structures are caused
by the coupling of the electron to the nuclear degrees of freedom.

We have analyzed in detail the mutual influence of electronic and nuclear de-
grees of freedom in the dynamics of the C343-TiO2 system [38]. The analysis
shows that the oscillatory structure is caused by vibrational motion of high-
frequency modes of C343 which have oscillation periods similar to the fast ET
time of ≈ 20 fs. While such a direct dynamical influence of vibrational coherence
on the ET process is only possible for high-frequency (fast) modes, low-frequency
(slow) modes exhibit another interesting effect due to electronic-vibrational cou-
pling. As an example, Fig. 2 shows wave packet motion of the low-frequency
vibration of the nitrogen group (Ω = 133 cm−1). This mode has negligible
changes in equilibrium geometry with respect to photoexcitation but shows a
rather large displacement with respect to the ET process, i.e. the transition
from the photoexcited state to the cation. As a result, the photoexcitation pre-
pares an (with respect to this mode) essentially stationary wave packet in the
donor state. On the other hand, the wave packet in the acceptor states shows
pronounced oscillatory motion. This motion is induced by the ultrafast ET pro-
cess, the timescale of which (≈ 20 fs) is more than one order of magnitude faster
than the vibrational period of the mode (t = 2π/Ω ≈ 251 fs). Thus, similar
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FIG. 2: Wave packet dynamics of one of the vibrational modes of C343 after photoex-
citation. Shown is the reduced density of a the low-frequency vibration of the nitrogen
group (Ω = 133 cm−1) in the donor state (left) and averaged over the acceptor states
(right), respectively. Adapted from Ref. [38].

to ultrafast photoexcitation, the ultrafast ET process prepares a coherent wave
packet on the potential energy surface of the acceptor states which then (due
to the relatively large reorganization energy) starts to oscillate. This process
of ET-induced vibrational motion is beyond the traditional Marcus theory of
ET [40] which assumes that vibrational relaxation is faster than ET so that ET
proceeds from a vibrationally relaxed initial state. Here, ET is so fast that it
can induce coherent vibrational motion.

Overall, the analysis of the electronic-vibrational dynamics in the C343-TiO2

system demonstrates that within the same molecule – depending on the timescale
of nuclear motion – electronic-vibrational coupling can result in ET driven by
coherent vibrational motion as well as vibrational motion induced by ET. Thus,
the heterogeneous ET reaction in the C343-TiO2 system is another example of
a photoreaction which cannot be described by traditional rate theories because
the fundamental assumption of a timescale separation between ET dynamics
and nuclear motion is not fulfilled.
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[15] L. Mühlbacher and R. Egger, J. Chem. Phys. 118 (2003) 179.
[16] M. Thorwart, E. Paladino and M. Grifoni, Chem. Phys. 296 (2004) 333.
[17] U. Weiss, Quantum Dissipative Systems, 2nd edn. (World Scientific, Singapore,

1999).
[18] H. Wang and M. Thoss, J. Chem. Phys. 119 (2003) 1289.
[19] H. Wang and M. Thoss, J. Chem. Phys. 124 (2006) 034114.
[20] H.-D. Meyer, U. Manthe and L. S. Cederbaum, Chem. Phys. Lett. 165 (1990) 73.
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I. INTRODUCTION

Ultrafast molecular processes often fall into a non-Markovian regime [1–4]
where bath fluctuations are slow and the system and bath dynamics are strongly
coupled. From the point of view of system-bath theories, this necessitates a treat-
ment in terms of non-local-in-time master equations [2, 4–6], or the equivalent
reduced propagator formulations [1, 3]. Alternatively, the environment (or part
of the environment) can be taken into account explicitly, such that the system
vs. bath boundary is shifted.

In this contribution, we address a situation where non-Markovian effects are
particularly striking, i.e., for excited-state processes at so-called conical intersec-
tion topologies [7–11]. Conical intersections are ubiquitous occurrences in the
excited states of polyatomic systems, signalling an extreme breakdown of the
Born-Oppenheimer approximation. Due to their particular, double cone topol-
ogy, they provide highly efficient photochemical decay mechanisms. The decay
at a conical intersection is typically ultrafast, with a characteristic time scale of
femtoseconds to picoseconds.

We have recently developed a general approach to treat environmental ef-
fects on conical intersections, with particular regard to the short-time dynamics
[12–14]. Our approach is based on the observation that the cumulative effects
generated by the environmental modes can be accounted for by a set of collec-
tive, or effective environmental modes. In particular, three such modes provide
a complete characterization of the short-time dynamical effects. These modes
can be understood as generalized Brownian oscillator modes which carry the
dominant non-Markovian effects. On intermediate and longer time scales, the
(many) residual bath modes have to be included in the analysis.

In the present contribution, we briefly review these concepts and carry them
further by connecting to a Mori-chain type decomposition of the residual bath [4,
15]. In this way, a chain of interactions is introduced, which defines the pathway
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by which the initial excitation is carried through the multi-mode environment.
We demonstrate these concepts for an environment constructed according to a
simple (Lorentzian or Gaussian) spectral density.

In the following, we first recapitulate the construction of effective modes based
upon a generic multi-mode conical intersection Hamiltonian (Sec. II). We then
turn to a finite-dimensional model in order to illustrate the main concepts (Sec.
III). Finally, Sec. IV summarizes and concludes.

II. EFFECTIVE MODES AT A CONICAL INTERSECTION

A. Diabatic multi-mode Hamiltonian

Our starting point is a system-bath model Hamiltonian describing multi-mode
processes at a conical intersection,

Ĥ = ĤS + ĤSB + ĤB (1)

where we distinguish a “system” part which contains an electronic (two-level)
subsystem, along with a certain number of nuclear modes which couple strongly
to the electronic subsystem,

ĤS = V̂∆ +

NS
∑

i=1

[

ωS,i

2
(p̂2

S,i + x̂2
S,i) + V̂S,i(x̂S,i)

]

(2)

where V̂∆ = −∆σ̂z (with σ̂z the Pauli matrix). The “bath” part is composed of
a – potentially very large – number of nuclear modes which also couple to the
electronic system, via linear interaction terms,

ĤSB =

NB
∑

i=1

[

κ
(+)
B,i x̂B,i 1̂ + κ

(−)
B,i x̂B,iσ̂z + λB,i x̂B,i σ̂x

]

(3)

Importantly, ĤSB contains both terms that are electronically diagonal (i.e., pro-
portional to σ̂z) and terms that are electronically off-diagonal (proportional to
σ̂x); in this sense, the Hamiltonian under consideration is a generalized spin-
boson form [3]. Finally, the harmonic zeroth-order bath Hamiltonian is given
as

ĤB =

NB
∑

i=1

[

ωB,i

2
(p̂2

B,i + x̂2
B,i)

]

(4)

For certain geometries in the combined system and bath nuclear coordinates,
a degeneracy arises, corresponding to a conical intersection point (or, in higher
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dimensions, a seam or (N−2)-dimensional intersection space [7–11]). In general,
we will assume that the system by itself features a conical intersection. However,
the analysis also includes situations where a conical intersection is generated by
the interaction with the environment, along with the limiting case where all
nuclear modes are part of the bath subspace (see, e.g., Ref. [15]).

B. Effective-mode transformation

Given the Hamiltonian of Eqs. (1)-(4), we note that the bath modes produce
cumulative effects by their coupling to the electronic two-level system. Thus,
the interaction Hamiltonian Eq. (3) can be formally rewritten in terms of three

collective bath modes (X̂B,+, X̂B,−, X̂B,Λ),

ĤSB = X̂B,+ 1̂ + X̂B,− σ̂z + X̂B,Λ σ̂x (5)

defined as

X̂B,+ =

NB
∑

i=1

κ
(+)
B,i x̂B,i ; X̂B,− =

NB
∑

i=1

κ
(−)
B,i x̂B,i ; X̂B,Λ =

NB
∑

i=1

λB,i x̂B,i (6)

which reflect the collective shift (X̂B,+), tuning (X̂B,−), and coupling (X̂B,Λ)
effects induced by the bath. Since these collective bath modes are not defined to
be orthogonal, an additional transformation is introduced in order to generate an
orthogonal set of modes (X̂B,1, X̂B,2, X̂B,3), see Refs. [12–14]. With these new
modes, and using a topology-adapted representation [13, 15], the interaction
Hamiltonian reads as follows:

ĤSB =

3
∑

i=1

KiX̂B,i1̂ + (D1X̂B,1 + D2X̂B,2)σ̂z + ΛX̂B,1σ̂x (7)

Given the overall orthogonal transformation {x̂S,1, . . . , x̂S,NS
, x̂B,1, . . . , x̂B,NB

}

−→ {x̂S,1, . . . , x̂S,NS
, X̂B,1, . . . , X̂B,NB

}, one further obtains the bath Hamilto-
nian in the following form:

ĤB =

NB
∑

i=1

ΩB,i

2
(P̂ 2

B,i + X̂2
B,i)1̂ +

NB
∑

i,j=1,j>i

dij

(

P̂B,iP̂B,j + X̂B,iX̂B,j

)

1̂ (8)

where bilinear coupling terms now appear as a result of the transformation.
In the new coordinates, the system-bath Hamiltonian takes a hierarchical

form: The three effective modes (X̂B,1, X̂B,2, X̂B,3) couple directly to the elec-
tronic subsystem, while the remaining (residual) bath modes couple in turn to
the effective modes. This chain of interactions is illustrated in Fig. 1.
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system modes {x̂S}

electronic subsystem

effective modes {X̂B,1, X̂B,2, X̂B,3}

residual modes {X̂B,4, . . . , X̂B,NB
}

]

] system

]

]

]

] bath

]

]

FIG. 1: Schematic illustration of the hierarchical structure of the system-bath interac-
tion at a conical intersection (reproduced from Ref. [16]).

In view of this hierarchical structure, one can re-write the bath Hamiltonian
as follows:

ĤB = Ĥeff
B + Ĥres

B (9)

with the effective (eff) 3-mode bath portion

Ĥeff
B =

3
∑

i=1

ΩB,i

2
(P̂ 2

B,i + X̂2
B,i)1̂ +

3
∑

i,j=1,j>i

dij

(

P̂B,iP̂B,j + X̂B,iX̂B,j

)

1̂ (10)

and the residual (res) bath Hamiltonian

Ĥres
B =

NB
∑

i=1

NB
∑

j=4

dij

(

P̂B,iP̂B,j + X̂B,iX̂B,j

)

1̂ (11)

The hierarchical structure of the interaction is reflected in the dynamical prop-
erties of the system, in that the short-time dynamics is entirely accounted for

by the three effective modes. This can be proved by demonstrating that the first
three moments (or cumulants) of the Hamiltonian are preserved [12–14] when

approximating the Hamiltonian Eq. (1) by the modified Hamiltonian Ĥ ′,

Ĥ ′ = ĤS + ĤSB + Ĥeff
B (12)

where the NB-mode bath space was approximated by three effective modes, i.e.,
the bath Hamiltonian ĤB of Eq. (9) was approximated by Ĥeff

B .

When replacing the original (NS +NB)-mode Hamiltonian Ĥ by the (NS +3)-

mode effective Hamiltonian Ĥ ′ of Eq. (12), one would expect that (i) the short-
time, “inertial” dynamics is correctly reproduced, while (ii) the dynamics on an
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intermediate time scale, which is also determined by the coupling to the residual
bath, is not very well reproduced. Thus, coherent artifacts are expected to
appear since the multimode nature of the bath has been disregarded. Yet, even
at the level of the reduced three-mode bath of Eq. (12), the analysis can be of
interest, due to the key importance of the short-time dynamics in the decay at
a conical intersection [12–14].

C. Mori-chain representation of the residual bath

The simplest approximation for the residual bath consists in a Markovian
description (while the overall picture of the dynamics remains strongly non-
Markovian, due to the presence of the effective modes). Even though this ap-
proximation can be useful in many cases, we explore here a more systematic
approximation scheme which accounts for the generally non-Markovian charac-
ter of the residual bath. To this end, we introduce a Mori-chain decomposition
[4] of the residual bath Hamiltonian Ĥres

B . That is, the effective-mode construc-
tion described in Sec. B is concatenated with a transformation of the residual
bath Hamiltonian to a band-diagonal form, so as to obtain the following nth
order approximation for ĤB [15]:

Ĥ
(n)
B = Ĥeff

B +

n
∑

l=1

Ĥ
(l)
B,res (13)

with the lth order residual bath Hamiltonian

Ĥ
(l)
B,res =

3l+3
∑

i=3l+1

Ωi

2
(P̂ 2

i + X̂2
i )1̂ +

3l+3
∑

i=3l+1

i−1
∑

j=i−3

dij

(

P̂iP̂j + X̂iX̂j

)

1̂ (14)

We thus obtain a hierarchy of (3 + 3n) modes, by which the dynamics can be
successively “unravelled” in time (see also [17] for a related scheme). An appli-
cation of this scheme is shown in Sec. III. Another example, involving electron-
phonon coupling in a polymer system, has recently been discussed in Ref. [15].

D. Surrogate Liouvillian and reduced dynamics

When truncated at a given order n, the Mori-type hierarchy Eq. (13)-(14) is
formally closed by adding Markovian dissipation to the last member of the chain.
This leads to the following nth-order, i.e., (3 + 3n)-mode surrogate Liouvillian
in the combined system-bath space,

ˆ̂
L(n)ρ̂(n) = [ ĤS + ĤSB + Ĥ(n), ρ̂(n) ] +

ˆ̂
LMρ̂(n) (15)
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where ρ̂(n) is a density operator in the direct-product space of the system modes

plus the effective bath modes taken to the nth order.
ˆ̂
LM corresponds to a

Markovian super-operator, e.g., of Caldeira-Leggett form [3]. The (3 + 3n)-
mode bath Liouvillian gives an exact representation – i.e., equivalent to the true
NB-mode Liouvillian – on a time scale that is determined by the number of
moments which are conserved.

From the propagator in the combined system-bath space – i.e., either the exact
(NS +NB)-mode Liouvillian or else the surrogate Liouvillian Eq. (15) – one can
derive the reduced system propagator

ρ̂S(t) = TrB

[

ˆ̂
U(t, t0) ρ̂(t0)

]

=
ˆ̂
Usub(t, t0)ρ̂S(t0) (16)

where we assumed a separable system-bath initial condition, ρ̂(t0) =

ρ̂S(t0) ⊗ ρ̂B(t0), and the subsystem propagator is defined as
ˆ̂
Usub(t, t0) =

TrB [
ˆ̂
U(t, t0) ρ̂B(t0)] [25]. Here,

ˆ̂
U(t, t0) = exp(−i

ˆ̂
L(t− t0)) is the propagator for

the exact time evolution according to the Liouvillian
ˆ̂
L = [Ĥ, ·]. To obtain an

approximate evolution,
ˆ̂
U(t, t0) can be replaced by

ˆ̂
U (n)(t, t0), i.e., the nth-order

propagator derived from the Liouvillian Eq. (15). The respective propagators
can be characterized in terms of their cumulant expansions [1], as discussed in
Ref. [16].

While a reduced dynamics description according to Eq. (16) can be formally
carried out [16], it is more convenient in practice to formulate the dynamical
problem in the augmented space of the system plus effective modes. This is the
route followed in the example to be discussed now.

III. MODEL OF THE S2–S1 CONICAL INTERSECTION IN

PYRAZINE INCLUDING A TUNING-MODE BATH

To illustrate the effective-mode analysis, we focus here on a situation where
a conical intersection is present in the system, which is in turn coupled to NB

modes constituting an external bath. We consider, in particular, a model for the
S2–S1 conical intersection in pyrazine [18, 19] with a four-mode subsystem,

ĤS = V̂∆ +

4
∑

i=1

ωS,i

2
(p̂2

S,i + x̂2
S,i) (17)

+

3
∑

i=1

[

κ
(+)
S,i x̂S,i 1̂ + κ

(−)
S,i x̂S,iσ̂z

]

+ λS,4 x̂S,4 σ̂x (18)

with three tuning modes (coupling diagonally via σ̂z) and the coupling mode x̂4

(coupling off-diagonally via σ̂x). The parameters for this subsystem are detailed
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in Refs. [18, 19].
The system is coupled to a 20-mode discretized bath, which consists entirely of

tuning modes, i.e., all modes couple only diagonally to the electronic subsystem,

ĤSB =

NB
∑

i=1

κ
(−)
B,i x̂B,iσ̂z ; ĤB =

NB
∑

i=1

ωB,i

2
(p̂2

B,i + x̂2
B,i) (19)

Exact quantum-dynamical calculations were carried out for this system using
the multiconfiguration time-dependent Hartree (MCTDH) method [20–23].

Due to the particularly simple form of the system-bath coupling, the effective-
mode analysis of Sec. II.B reduces to a single collective mode, X̂B,− ≡ X̂B,1,

ĤSB = D1X̂B,1σ̂z (20)

Likewise, the Mori chain construction according to Eqs. (13)-(14) reduces to the
simple band-diagonal form,

Ĥ
(n)
B = Ĥeff

B +

n
∑

l=2

Ĥ
(l)
B,res (21)

with Ĥeff
B = 1

2ΩB,1(P̂
2
B,1 + X̂2

B,1) and

Ĥ(l)
res =

ΩB,l

2
(P̂ 2

B,l + X̂2
B,l) + dl,l−1

(

P̂B,lP̂B,l−1 + X̂B,lX̂B,l−1

)

(22)

For illustration, we consider two types of spectral densities, i.e., distributions
of coupling strengths. First, a Lorentzian-type distribution (Fig. 2a); second, a
Gaussian form (Fig. 2b). The figure also illustrates the distribution of residual
couplings, {d1l}, l = 2, . . . , NB , subsequent to the initial effective-mode trans-
formation of Sec. II.B (i.e., preceding band-diagonalization).

Figs. 2c-d show the results of an MCTDH propagation using the (NS+1)-mode
effective Hamiltonian corresponding to the approximation Eq. (12). Clearly, the
quality of the approximation depends to a large extent on the nature of the
residual bath, and the strength of the coupling between the effective modes and
the residual bath. In particular, the single-effective mode approximation is found
to be very good in the case of the Lorentzian spectral density (Fig. 2c), while it
turns out to be rather poor in the case of the Gaussian distribution (Fig. 2d).
This can be explained by the fact that the Lorentzian distribution features only
one dominant frequency component, see also the analysis of Ref. [24].

Fig. 2d shows the result of concatenating the initial effective-mode transfor-
mation with a Mori-chain decomposition of the residual bath, according to Sec.
II.C. Accurate results over about 100 fs are obtained by a 9-mode decomposition
of the residual bath, i.e., the bath is represented by 10 modes overall.
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FIG. 2: (a) and (b): Lorentzian vs. Gaussian coupling distributions for the tuning

mode bath considered in Sec. III. Open circles: couplings {κ
(−)
B,i} of Eq. (19), full cir-

cles: residual couplings {d1i}, i = 2, . . . , NB , subsequent to the initial effective mode
transformation of Sec. II.B (preceding band-diagonalization). Note that the distribu-
tion of residual couplings is “flat” in case (a), i.e., for the Lorentzian distribution. (b)
and (c): Comparison of MCTDH calculations for the wavepacket autocorrelation func-
tion 〈ψ(0)|ψ(t)〉 for the overall 24-mode system with calculations involving one effective
bath mode. (d) and (e): Comparison with calculations using the band-diagonal form
Eqs. (21)-(22), with (1+9) effective bath modes. All l.h.s. (r.h.s.) panels refer to the
Lorentzian (Gaussian) distribution.
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IV. CONCLUDING REMARKS

The dynamics at conical intersections provides a paradigm example of ultrafast
excited-state decay processes in polyatomic systems as well as molecular species
coupled to a solvent or phonon bath. For these systems, the effective-mode
description discussed here opens a general avenue to analyzing environmental
effects on the dynamics.

Importantly, the dynamical processes under consideration are essentially of
non-Markovian nature, since the environmental modes evolve on the same time
scale as the system modes. Two alternative dynamical schemes can therefore
be envisaged: First, a reduced dynamics scheme based upon a non-Markovian
propagator or master equation [16]. Second, explicit dynamical calculations in
the augmented space of the system modes plus effective modes; this latter strat-
egy has been adopted in Sec. III. While the two approaches are in principle
equivalent, the second scheme is easier to implement in practice, if the environ-
ment can be approximated by a limited number of modes. By truncating the
effective-mode hierarchy at a suitable order, this route becomes feasible.

A cornerstone of the present analysis is the effective mode transformation of
Refs. [12–14] by which three effective modes are identified that carry all short-
time effects of the environment on the conical intersection dynamics. These
modes correspond to the cumulative tuning, coupling, and shift effects exerted
by the environment. They are in turn coupled to a residual bath composed of
the remaining (NB − 3) modes. In the present work, we have concatenated the

transformation leading to the three modes (X̂B,1, X̂B,2, X̂B,3) with an additional
transformation of the residual bath by which a Mori-type chain is generated. As
illustrated by the examples of Sec. III, this generalized effective-mode description
converges towards an exact representation of the dynamics, beyond the shortest
time scale described by the three-mode approximation.

We thank Lorenz Cederbaum and Etienne Gindensperger for constructive dis-
cussions, as well as preliminary calculations carried out by E. G. Financial sup-
port from the C.N.R.S. and ANR-05-NANO-051-02 project is gratefully acknowl-
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I. INTRODUCTION

The description of dissipation in quantum mechanical systems is a question
which has interested scientists since decades. Brownian motors [1–3], i.e. devices
able to produce useful work out of thermal forces with the help of other unbiased
forces, provide an ideal benchmark for the investigation of quantum dissipative
systems [4] for two reasons. First, the interaction with a dissipative environ-
ment plays an essential role in the performance of Brownian motors. Second,
dissipative tunneling enriches the dynamics of quantum Brownian motors with
respect to their classical counterpart, inducing features such as current reversals
as a function of temperature [5]. Experiments in the quantum regime have been
reported in [6, 7]. Brownian motors belong to the family of ratchet systems,
which exhibit directed transport in the presence of unbiased forces which need
not necessarily have a thermal origin.

A simple model for a quantum ratchet system is provided by the Hamiltonian

HR = p2/2M + V (q) (1)

of a quantum particle of mass M in one-dimensional space. The asymmetric
potential of periodicity L is completely characterized by the amplitudes Vl and
phases ϕl of its harmonics in the Fourier representation

V (q) =
∑∞

l=1
Vl cos (2πlq/L − ϕl). (2)

In order to bring thermal fluctuations into the system, we let it interact with a
bath of harmonic oscillators given by the standard Caldeira-Leggett Hamiltonian

HB = (1/2)
∑NO

α=1

[

p2
α/mα + mαω2

α

(

xα − cαq/mαω2
α

)2
]

. (3)

The spectral density J(ω) = (π/2)
∑NO

α=1(c
2
α/mαωα)δ(ω − ωα) fully character-

izes the bath. We consider an Ohmic bath with viscosity η, i.e. J(ω) ∼ ηω at low
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frequency ω. An additional contribution Hext(t) = −F (t)q to the Hamiltonian
accounts for an unbiased driving force F (t) breaking thermal equilibrium.

The quantity of interest is the stationary velocity vR = limt→∞ q̇(t). A nonzero
particle velocity means that work is released, although all forces acting on the
system are unbiased. We have developed two methods [8–10], described in the
next Sections, to evaluate the stationary velocity in the model presented above.

II. QUANTUM RATCHETS WITH FEW ENERGY BANDS

Our first method relies on a restriction to the low-energy dynamics of the
ratchet system. Using Bloch theorem, the ratchet Hamiltonian (1) can be diag-
onalized exactly, yielding energy eigenstates organized in an infinite number of
bands. When the energies associated with the driving force and the temperature
are much smaller than the lowest band gap, it is satisfactory to keep the few
NB bands lying below the potential barrier only. After rotation to the position
eingenbasis |m, j〉 and use of the localized character of the retained low-energy
states, the Hamiltonian takes the form of a multi-band tight-binding model,

HTB =
∑∞

j=−∞

[

∑NB

m=1
εm|m, j〉〈m, j| +

∑NB

m6=m′=1
∆intra

m′m|m′, j〉〈m, j|

+
∑NB

m,m′=1

(

∆inter,f
m′m |m′, j + 1〉〈m, j| + ∆inter,b

m′m |m′, j〉〈m, j + 1|
)]

, (4)

with on-site energies εm. The interband couplings ∆intra
m′m allow for vibrational

motion inside each potential well, whereas ∆inter,f
m′m and ∆inter,b

m′m allow for tunneling
to the nearest neighboring wells.

The dissipative dynamics in this tight-binding system, driven by a non-
adiabatic harmonic force F (t) = F cos(Ωt), can be investigated by means of
real-time path integral techniques. One can derive a generalized master equa-
tion for the state populations Pm,j(t), in terms of the transition rates induced by
the couplings. When the transition rates remain much smaller than the driving
frequency Ω, one can average the dynamics over one driving period and obtain
the averaged ratchet velocity at long times,

v̄R = L
∑NB

m,m′=1
p∞m

(

Γ̄inter,f
m′m − Γ̄inter,b

m′m

)

. (5)

The asymptotic population p∞m = limt→∞

∑∞
j=−∞ P̄m,j(t) of the band m, is also

a simple combination of the averaged transition rates Γ̄intra
m′m, Γ̄inter,f

m′m , and Γ̄inter,b
m′m .

The details of the evaluation, involving the computation of the transition rates
up to second order in the tunneling couplings, can be found in [8]. As a result,
the ratchet velocity reveals a nonmonotonic dependence on the amplitude and
frequency of the driving force and on dissipation. Current inversions can be
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obtained by changing any of these parameters. At the location of an inversion,
the system thus experiences driving-induced localization.

The main drawback of this approach is that the validity regime for the trun-
cation to a finite number of energy bands excludes the interesting limit of large
driving amplitude or temperature, related to the classical limit. This has moti-
vated the development of another approach presented in the next Section.

III. DUALITY RELATION FOR QUANTUM RATCHETS

Our second method is based on a duality relation [11] for a quantum dissipative
system with a sinusoidal potential tilted by a time-independent (DC) force F .
We have generalized this relation to periodic potentials of arbitrary shape as
given in (2). Here again, the evaluation of the particle velocity vDC(F ) at long
times is based on real-time path integral techniques. One first performs an
exact expansion of the propagator of the system in powers of the amplitudes Vl

of the potential harmonics. After this transformation, the path integrals involve
Gaussian integrals only, which can be evaluated. The resulting series expression,
in powers of Vl, can be related to the series expression, in powers of the couplings,
for the particle velocity ṽDC(F ) in a single-band tight-binding model with non-
nearest-neighbors tunneling couplings. This relation, valid a long times, reads

vDC(F ) = F/η − ṽDC(F ), (6)

where η denotes the viscosity in the original system. The Hamiltonian of the
dual tight-binding system in which ṽDC(F ) has to be evaluated takes the form

HTB =
∑∞

m=1

∑∞

l=−∞

(

∆m|l + m〉〈l| + ∆∗
m|l〉〈l + m|

)

. (7)

A striking outcome of the calculation is the relation ∆l = (1/2) Vl eiϕl giving the
coupling ∆l to the lth-order neighbor in terms of the amplitude Vl and phase ϕl

of the lth harmonic of the original potential. The tight-binding system (7) is
tilted by a time-independent force F as the original system. It is bilinearly cou-
pled to a different bath of harmonic oscillators, characterized by the spectral
density JTB(ω) = J(ω)/[1 + (ω/γ)2], thus Ohmic as J(ω) with an additional
Drude cutoff at the frequency γ = η/M associated with dissipation in the origi-

nal system. The spatial periodicity L̃ of the tight-binding model is related to the
periodicity L of the original system through L̃ = L/α, with the dimensionless
dissipation parameter α = ηL2/2π~. As a consequence, the dissipation parame-
ter is α̃ = 1/α in the tight-binding system. A regime of weak dissipation in one
system is thus related to a regime of strong dissipation in the dual one.

The particle velocity ṽDC(F ) in the tight-binding model can be evaluated
from the transition rates between the tight-binding states, like in the prob-
lem described in the previous Section. The duality relation (6) can then be
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FIG. 1: Ratchet velocity (solid line, left and upper axes), and load characteristics
(broken lines, right and lower axes) for a two-harmonics ratchet potential with ampli-
tudes V1 = 4 V2, phases ϕ2 − 2ϕ1 = −π/2, and a spatial periodicity L. The load force
is denoted by K and the amplitude of the bistable driving force by F . The vertical
arrows show the driving amplitudes chosen for the computation of the load charac-
teristics. The thin dotted lines are guides for the eyes. The temperature has been
set to kBT = 0.1 ∆V , in terms of the barrier height ∆V = 2.2 V1. The viscosity η
and the dynamical parameters of the system can be specified through the dissipation
parameter α = ηL2/2π~ and the ratio between the dissipation rate γ = η/M and the

classical oscillation frequency in the untilted potential Ω0 = 2π
p

V1/ML2. A regime of
quantum dynamics and weak dissipation has been chosen with α = 0.2 and γ = 0.23 Ω0.

used to obtain the particle velocity vDC(F ) in the original system tilted by the
time-independent force F . From this result, one can deduce the ratchet veloc-
ity vR(F ) = vDC(F )+vDC(−F ) in a system driven by an unbiased bistable force
switching between the values ±F , in the limit where the switching rate is much
slower than any other time scale of the system. Another interesting quantity is
the velocity vL(K, F ) = vDC(K + F ) + vDC(K − F ) in a ratchet system driven
by a bistable force ±F and subject to a constant load force K, showing the load
characteristic of the ratchet system. If the sign of this velocity is opposite to
the sign of the load force, it means that the ratchet system is able to yield work
against the load, e.g. to lift it.

The ratchet velocity and load characteristics for a potential with two harmon-
ics are shown in Fig. 1. The calculation follows the lines detailed in [9, 10].
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The ratchet velocity (solid line, left and upper axes) shows several reversals as a
function of the driving amplitude. It vanishes in the absence of driving. In this
case the system is at equilibrium and no work can be extracted according to the
Second Principle of Thermodynamics. The ratchet velocity also vanishes when
the driving energy FL is much larger than the potential barrier ∆V , because
the potential, which is the only source of spatial asymmetry in the system, is
irrelevant in this regime. The figure also shows the load characteristics (broken
lines, right and lower axes) as a function of the load force K for three different
amplitudes of the bistable driving force. For FL = 4.70 ∆V (dotted line), there
is a range of negative load forces for which the velocity is positive. The ratchet
system is able to work against the load in this regime. A range of positive load
forces and negative velocities is obtained for FL = 3.60 ∆V (dashed line). Fi-
nally, for FL = 4.15 ∆V (dashed-dotted line), the load characteristic crosses the
origin, meaning that the ratchet system is tuned into an idle regime.

An interesting extension of this work would be the evaluation of the diffusion
coefficient and current noise in quantum ratchet systems.
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I. INTRODUCTION

Vibrational energy relaxation (VER) is the process by which an excited vibra-
tional mode equilibrates by transferring its excess energy into other degrees of
freedom (DOF). VER is prevalent in many systems of fundamental, technologi-
cal and biological importance, and plays a central role in determining chemical
reactivity. It is therefore not surprising that the measurement and calculation
of VER rates have received much attention over the last few decades. Recent
theoretical and computational studies of VER have been mostly based on the
Landau-Teller formula,[1–3] which gives the VER rate constant in terms of the
Fourier transform (FT), at the vibrational frequency, of the quantum-mechanical
autocorrelation function of the fluctuating force exerted on the relaxing mode
by the other DOF. In many cases, replacing the quantum-mechanical force auto-
correlation function by its classical counterpart is unjustified since ~ω/kBT ≫ 1.
Indeed, discrepancies by many orders of magnitude have been reported be-
tween experimentally measured VER rates and those calculated using classi-
cal molecular dynamics (MD) simulations. Unfortunately, the exact calculation
of real-time quantum-mechanical correlation functions for general anharmonic
many-body systems remains far beyond the reach of currently available com-
puter resources.[4] The most popular approach for dealing with this difficulty,
in the case of VER, is based on multiplying the classical VER rate constant by
a frequency-dependent quantum correction factor (QCF).[5–21] A variety of dif-
ferent approximate QCFs have been proposed in the literature. Unfortunately,
estimates obtained from different QCFs can differ by orders of magnitude, and
particularly so when high-frequency vibrations are involved. Thus, the devel-
opment of more rigorous methods for computing VER rate constants is highly
desirable.

In a series of recent papers,[22–25] we have developed and applied a more rig-
orous approach for calculating VER rate constants, which is based on lineariz-
ing the forward-backward action in the path-integral expression for the quantum
force autocorrelation function. The linearization is with respect to the difference
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between the forward and backward paths.[26] The resulting linearized semiclassi-
cal (LSC) approximation for a general real-time quantum mechanical correlation
function is given by

Tr
(

e−βĤeiĤt/~B̂e−iĤt/~Â
)

≈
1

(2π~)N

∫

dq0

∫

dp0

(

Âe−βĤ
)

W
(q0,p0)

(

B̂
)

W
(q

(Cl)
t ,p

(Cl)
t ) , (1)

where, N is the number of DOF, q0 = (q
(1)
0 , . . . , q

(N)
0 ) and p0 = (p

(1)
0 , . . . , p

(N)
0 )

are the corresponding coordinates and momenta,

(

Â
)

W
(q,p) =

∫

de−ip∆/~〈q + ∆/2|Â|q − ∆/2〉 (2)

is the Wigner transform of the operator Â,[27] and q
(Cl)
t = q

(Cl)
t (q0,p0) and

p
(Cl)
t = p

(Cl)
t (q0,p0) are propagated classically with the initial conditions q0

and p0.
The major advantage of the LSC approximation is its computational feasibil-

ity. The LSC approximation has the additional attractive features of being exact
at t = 0, at the classical limit, and for harmonic systems. Its main disadvantage
is the fact that it can only capture quantum effects at short times.[28] However,
it should be noted that in condensed phase systems in general, and in the case of
high-frequency VER in particular, the quantities of interest are often dominated
by the short-time dynamics of the correlation functions.

In practice, using the LSC approximation, Eq. (1), requires the calculation
of the phase-space integrals underlying the Wigner transforms. The numerical
calculation of those integrals is extremely difficult in the case of many-body an-
harmonic systems, because of the oscillatory phase factor, e−ip0∆/~, in the inte-
grand. We have bypassed this problem by using a local harmonic approximation
(LHA), which allows for an analytical evaluation of the Wigner integral.[22, 23]

The structure of the remainder of this paper is as follows. The LHA-LSC
method is described in Sec. II. Several applications are described in Sec. III.
We conclude in Sec. IV.

II. THE LHA-LSC METHOD

For the sake of simplicity, we will present the LHA-LSC method in the context
of VER of a diatomic molecule. We consider a system with the following overall
Hamiltonian:

Ĥ = Ĥq + Ĥb − q̂F̂ , (3)

69

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



where

Ĥq =
p̂2

2µ
+

1

2
µω2q̂2 , (4)

is the intramolecular vibrational Hamiltonian of the relaxing diatomic molecule
(q̂, p̂, µ and ω are the corresponding coordinate, momentum, reduced mass and

frequency, respectively); Ĥb is the Hamiltonian of the other DOF, and −q̂F̂ is
the coupling between the relaxing vibrational mode and the other DOF. The
main quantity of interest is F̂ , which corresponds to the force exerted on the
vibrational mode of the relaxing molecule by the other DOF.

The rate constant for the relaxation from the first excited vibrational state to
the ground state is given by the Landau-Teller formula:[1, 2]

k0←1 =
1

2µ~ω
C̃(ω) , (5)

where

C̃(ω) =

∫

∞

−∞

dteiωtC(t) (6)

is the FT of the force-force correlation function (FFCF),

C(t) =
1

Zb
Tr

[

e−βĤbeiĤbt/~F̂ e−iĤbt/~F̂
]

. (7)

The LHA-LSC approximation for the FFCF assumes the following form:

C(t) ≈

∫

dQ0

〈Q0|e
−βĤb |Q0〉

Zb

∫

dPn,0

N
∏

j=1

(

1

α(j)π~2

)1/2

exp

[

−
(P

(j)
n,0)

2

~2α(j)

]

[F (Q0,Pn,0) + D(Q0,Pn,0)]F (Q
(Cl)
t ,P

(Cl)
n,t ) . (8)

Here, {P̂
(k)
n } are mass-wighted normal mode momenta, as obtained from

the expansion of Ĥb to second order around Q0 (the LHA), and α(j) =
Ω(j) coth

[

β~Ω(j)/2
]

/~, where {(Ω(k))2} are the eigenvalues of the corresponding
Hessian matrix. The term D(Q0,Pn,0) is purely quantum-mechanical [i.e., it
vanishes at the classical (~ → 0) limit]. It represents quantum nonlocality, and

can be traced back to the fact that
[

F̂ e−βĤb

]

w
6=

[

F̂
]

w
×

[

e−βĤb

]

w
. Explicit ex-

pressions for this term can be found in Ref. [23]. Another quantum-mechanical
effect is introduced by the fact that the initial sampling of the positions and
momenta is nonclassical. More specifically, the initial sampling of the posi-
tions is based on the exact quantum mechanical position probability density,

〈Q0|e
−βĤb |Q0〉/Zb, while the initial sampling of the momenta is based on the

nonclassical probability density
∏N

j=1

(

1
α(j)π~2

)1/2
exp

[

−
(P

(j)
n,0)

2

~2α(j)

]

.
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III. APPLICATIONS

A. benchmark problems

The LHA-LSC method was tested on several benchmark problems, including
(1) A vibrational mode coupled to a harmonic bath, with the coupling exponen-
tial in the bath coordinates, and (2) A diatomic coupled to a short linear chain
of helium atoms.[22] These tests confirmed the ability of the LHA-LSC method
to accurately capture the behavior of the quantum-mechanical FFCF at short
times, and its FT at high frequencies.

B. Diatomic molecules

The LHA-LSC method was used for calculating the VER rates in liquid oxy-
gen, liquid nitrogen, and liquid oxygen/argon mixtures.[22–24] The results ob-
tained for neat liquid oxygen and nitrogen at 77 K are presented in Table I,
alongside the experimental results.[29, 30] As can be seen, the LHA-LSC-based
prediction for the VER rate constant in neat liquid oxygen is larger by a factor of
about two than the experimental result. This represents a dramatic improvement
in comparison to the classical prediction which is smaller than the experimental
result by a factor of about 104. In the case of neat liquid nitrogen, the classical
prediction for the VER rate constant is smaller by a factor of 108 in comparison
to the experimental value. This can be attributed to the significantly higher
vibrational frequency of nitrogen. At the same time, the LHA-LSC-based pre-
diction for the VER rate constant turns out to be smaller only by a factor of
10 in comparison to the experimental value. In fact, it has been argued that
the rate of nonradiative VER in neat liquid nitrogen is so slow, such that the
experimentally measured value is actually dominated by radiative VER.[13, 29]
If so, the nonradiative VER rate constant should in fact be smaller than the ex-
perimental value. The LHA-LSC-based prediction is consistent with this point
of view, as well as with the reported estimated upper bound for the nonradiative
VER rate constant (0.004 s−1).[29]

C. Polyatomic molecules

The LHA-LSC method was recently used for calculating VER rates in a poly-
atomic system. The latter corresponded to a rigid, symmetrical and linear tri-
atomic molecule (A-B-A) in a monoatomic liquid.[25] In this case, VER from
the first excited state of the asymmetric stretch can occur either directly to the
ground state or indirectly via intramolecular vibrational relaxation (IVR) to the
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O2 N2

Experiment[29, 30] 395 ± 18 (1.8 ± 0.5) × 10−2

Classical (285 ± 31) × 10−4 (3.1 ± 0.4) × 10−10

LHA-LSC 783 ± 62 (1.9 ± 0.3) × 10−3

TABLE I: k0←1/s−1 for neat liquid O2 and neat liquid N2 at 77 K.

first excited state of the symmetric stretch. The results reported in Ref. [25]
gave rise to the following observations:

1. The quantum enhancement in the case of intermolecular VER was observed
to be significantly stronger than that in the case of IVR, which can lead to
situations where the quantum treatment predicts a VER pathway which
is different than that predicted by the classical treatment.

2. While the classical VER rate in argon was faster than that in neon, at the
same thermodynamic point in terms of reduced Lennard-Jones units, the
opposite trend was observed in the case of the LSC-based VER rates. This
trend reversal can be explained by the better ability of the lighter neon
atoms to penetrate classicallly-forbidden regions of the repulsive potential,
thereby sampling stronger forces.

IV. CONCLUDING REMARKS

Within the framework of the Landau-Teller formalism, VER rates are dic-
tated by the high frequency FT of the quantum-mechanical FFCF. The latter is
typically dominated by the short time dynamics of the FFCF, which the LHA-
LSC approximation appears to be able to capture accurately. The predictions
obtained via the LHA-LSC method were found to be in very good agreement
with experiment in all of the cases considered, thereby demonstrating its feasi-
bility, flexibility and accuracy. The analysis also sheds new light on the quantum
nature of VER. The results to date establish the LHA-LSC method as an at-
tractive alternative to the commonly used approach, which is based on the use
of QCFs. Applications to polyatomic and polar molecular liquids, as well as the
development of more efficient computational tools, are currently underway in
our group, and will be reported in future publications.
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I. INTRODUCTION

Processes involving atoms and molecules on metal or semiconductor surfaces
have to be described by means of open-system quantum dynamics, because sur-
face phonons and electronic excitations alter the behaviour of the system con-
siderably. The coupling of system to bath degrees of freedom leads to energy
and phase relaxation within the system. The first process is characterized by
a population transfer, while the second one leads, for example, to line broad-
ening in spectroscopy. If the optical control of adsorbates, e.g. their selective
vibrational excitation by shaped laser pulses is of interest, the interaction with
a dissipative environment is counterproductive. Nevertheless, progress in this
direction has been made in recent years (see Ref. [1], and references therein).
One goal behind this activity is to achieve mode-selective chemistry [2, 3], in
which a specific bond in a molecule is energized, thus diverting a reaction from
its usual, thermal pathway. Another motivation is due to the possibility to use
vibrational levels of molecules, perhaps on surfaces, for quantum computation
[4]. In both cases, energy relaxation and dephasing complicate the control task.

Later in this article we will give examples involving a metal (copper) and a
semiconductor (silicon) surface. Metal surfaces generally allow for low-energy
electron-hole pair excitations, because of a vanishing band gap. Semiconductor
and insulator surfaces interact with adsorbates usually only via phonons. As
a consequence, adsorbate vibrations relax on the timescale of picoseconds (ps)
on metals, while on semiconductors and insulators also much longer lifetimes,
nanoscends (ns) and even up to milliseconds (ms) have been observed.

∗ Dept. of Chemistry, Tohoku University, Sendai 980-8578, Japan
† Dept. of Physical Chemistry and Electrochemistry, University of Milan, V. Golgi 19, 20133

Milan, Italy
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Two systems are under consideration in this article: H atoms on a Si(100)
surface, where the vibrational relaxation due to vibration-phonon coupling will
be studied [5, 6], and CO adsorbed Cu(100) surface, where vibration-electron
coupling opposes the vibrational excitation by IR laser pulses [1]. In the language
of open system quantum dynamics, the adsorbed atoms / molecules will be
treated as a subsystem, while the surface degrees of freedom constitute the bath.
There are two main approaches to this kind of problems. Traditionally, one
adopts a reduced density matrix description, where the net influence of the bath
is modelled by a dissipative Liouvillian. Theories of this type are, for example,
due to Redfield [7] and Lindblad [8, 9]. The second approach discretizes the
bath, which may then be described by a (large) set of Harmonic Oscillators
(HO) [10–12]. This is possible, because a true bath is fully characterized by its
spectral density.

In the following, we will give a brief outline of both approaches in Section II,
before discussing the possibilities and limits of controlling dissipative systems in
Section III. Atomic units will be used throughout, if not stated otherwise.

II. APPROACHES AND METHODS

A. Reduced Dynamics

If a subsystem can be separated, in a meaningful way, from a bath or envi-
ronment, then the dynamics of the subsystem is often described by a reduced
density matrix. The most general derivation of this approach starts from a rep-
resentation of the full system by an extremely large density matrix ρ̂, which
evolves unitarily in time according to the Liouville-von Neumann equation. As
a ‘proper bath’ does not change in time, an equation of motion for the reduced
subsystem density matrix can be derived, under the assumption of a separable
initial state. Usually this involves some sort of perturbation theory, and, as in the
cases considered here, also the Markov approximation in which memory effects
are neglected. The procedure leads to an open system Liouville-von Neumann
equation for the reduced density operator ρ̂S := Trbathρ̂:

∂

∂t
ρ̂S(t) = −i[ĤS , ρ̂S ] + LD[ρ̂S ] . (1)

Here, ĤS is the subsystem Hamiltonian (which can be time-dependent), and LD

is the dissipative Liouvillian which can either be derived by perturbation theory
(Redfield), or is chosen more phenomenologically. The latter, so-called Lindblad
approach will be adopted in this work. A Lindblad functional takes the form

LD[ρ̂S ] =
∑

k

(

V̂kρ̂S V̂ †
k −

1

2
[V̂ †

k V̂k, ρ̂S ]+

)

(2)
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where the V̂k are the Lindblad operators, which describe the ‘what’ and ‘how
fast’ of dissipation. A large body of literature exists of how to choose the V̂k – for
lack of space the reader is referred to some references [8, 9]. In the applications
below we will perform the propagation of the density operator in the basis of
the field-free eigenstates of the subsystem. The diagonal elements of the reduced
density matrix can then be interpreted as “state populations”, the off-diagonals
are “coherences” which describe the quantum entanglement of different states.

B. Bath Discretization: Full Dynamics

In recent years a different approach to system-bath dynamics has been sug-
gested. The state of the full system is represented by a wave function Ψ, and
the bath degrees of freedom are represented by a set of HOs. Highly efficient al-
gorithms for the propagation of such wave functions have been developed. They
all have in common, that the wave function is expanded with the help of single
particle functions (SPFs) ϕ, which are analogous to the one-electron orbitals of
electronic structure theory. Formally, most methods can be derived from the
Multi-Configuration Time-Dependent Hartree (MCTDH) [13, 14] ansatz:

Ψ(q1, . . . , qF , t) =
∑

J

AJ(t)

F
∏

k=1

ϕ
(k)
jk

(qk, t) , (3)

where F is the total number of modes, qi is the i-th coordinate, J = (j1, . . . , jF )
is a composite index, and AJ(t) are the coefficients to the SPFs. The price to
be paid for this efficient representation of the state vector, is non-linearity of
the equations of motion for the SPFs. Although this method is already quite
powerful in its standard form, different approximations / extensions have been
developed, to treat baths with several thousand degrees of freedom. Most note-
worthy here are the ML-MCTDH (“multi-layer” MCTDH) method [15], the
G-MCTDH (Gaussian-MCTDH) method [12, 16], and the LCSA method (local
coherent state approximation) [11]. The latter two approximate the bath SPFs
as a set of Gaussians wave packets, or coherent states.

III. APPLICATIONS

A. Hydrogen Atoms on a Silicon Surface

The system H:Si(100)-(2x1) surface is an exemplary case, where the vibra-
tional relaxation of an adsorbed H atom is dominated by vibration-phonon cou-
pling [5, 17]. To study the latter, we have used a semiempirical bond-order force
field [18], and considered clusters SinHm of different sizes. On the left side of
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Fig. 1 a typical cluster with 180 atoms is shown. A normal mode analysis was
performed, and the line spectrum artificially broadened by Lorentzians of width
1 cm−1. The resulting vibrational density of states is shown on the right hand
side of Fig. 1. The bath was coupled nonlinearly to a two-mode subsystem, de-
scribing the Si-H stretching mode along a coordinate r, and the Si-Si-H bending
mode along an angle φ, respectively. The frequencies of the isolated r and φ
modes are indicated, as vertical lines, in the figure.

0 500 1000 1500 2000 2500

ω (cm
-1

)

ρ 
(a

rb
. u

ni
ts

)

Si-H stretch

Si-H bend

Fig. 1: Left: H/Si cluster with 180 atoms. Right: Vibrational density of states,

with subsystem frequencies indicated (see text).

Vibrational lifetimes τ(vr, vφ) of the hydrogen bending and stretching excita-
tions were calculated with perturbation theory via Fermi’s Golden Rule, and one
and two-phonon process taken into account – see Fig. 2, left. The pair (vr, vφ)
gives the quantum numbers of the vibrational states under consideration.

Fig. 2: Left: Lifetimes from perturbation theory for the Si-H stretching (blue, in

ns) and bending modes (red, in ps). Right: Quantum dynamical calculation using

MCTDH, showing the populations of various initial system states when coupled to

harmonic bath (see text).

Because of the extreme frequency mismatch between the H/Si stretch excita-
tion and the Si ‘phonon band’ (see Fig. 1), the lifetime of this mode is in the
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ns regime, in agreement with experiment [17]. We also find that its relaxation
takes place via the anharmonic coupling to the bending mode. The bending
mode itself is located closer to the phonon band edge, and decays much more
regularly (with τ(0, vφ) ≈ τ(0, 1)/vφ, which is the scaling of a HO that is linearly
coupled to a bath), and on a ps timescale. On the right panel, the populations
of various excited states are shown, calculated now from a MCTDH solution of
the time-dependent Schrödinger equation, for the subsystem nonlinearly coupled
to 31 bath oscillators [6]. Also in this non-perturbative approach the bending
vibrations relax on a ps timescale (vertical arrows), although a lifetime is not
strictly defined due to the non-exponential decay.

B. Carbon monoxide on a copper surface

The energy transfer from a vibrationally excited CO molecule, adsorbed in on-
top position on Cu(100), to the underlying surface is due to creation of electron-
hole pairs inside the metal, i.e. via (non-adiabatic) vibration-electron coupling.
Tully et al. [19] have developed a method to calculate decay rates for this
situation. Again, the reader must be referred to the literature for details. Of
the six possible modes of an adsorbed CO, we consider the C-O stretch (r,
IR active, vibrational lifetime τr = 3.3 ps at T=0 K), CO-Cu stretch (Z, IR
active, τZ = 82 ps), and a frustrated translation (X, dark, τX = 108 ps) [1].
For this 3D system we performed reduced density matrix calculations, together
with Optimal Control Theory (OCT) for dissipative systems [20], to study the
possibility of selective IR-pulse excitation of adsorbate vibrations in the presence
of dissipation.

Fig. 3: Optimal control of CO vibrations on a Cu(100) surface in the presence of

dissipation. Left: Population of the target state vr=2 as a function of laser fluence,

OCT vs. sin2-pulses. The level scheme is also shown, with transition rates Γ indicated.

Right: Populating the second excited state of the “dark” X-mode, with a 4.9 ps pulse.

Some results of [1] are shown in Fig. 3. On the left side, the performance
of OCT is compared to simple π-pulses of sin2-pulses (which lead to population
inversion in a dissipation-free two-state system). The goal in Fig. 3 left, was to
maximize the population P2 of the C-O overtone excitation with vr = 2. The
pulse duration was 425 fs, and the bath temperature 0 K. At low laser fluences,
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both methods give similar results, while for high fluences OCT is significantly
better. The inset shows that for fluences larger then 15 mJ/cm2 the selective
population of the overtone sets in. The right panel of Fig. 3 shows the excitation
of the dark X mode (target state (vr = 0, vZ = 0, vX = 2)), which is possible
only because of intermode coupling. In this case, much larger fluences are needed
(see Ref. [1] for details), and still the target state population is incomplete.
Nevertheless, mode-selectivity (i.e., excitation of one mode only) is achieved to a
large extent. While not shown here, mode-selective IR excitation of H stretching
and bending modes, was also predicted for H:Si(100)-(2x1) (G.K. Paramonov et
al., submitted).

In summary, mode-selective IR excitation of adsorbate modes in dissipative
environments is strongly supported by theory, in a “system plus bath” frame.
This is encouraging, in view of the recent experimental verification of mode-
selective IR excitation in H:Si(111) [2].
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I. INTRODUCTION

Since the late 1990ies there has been a revival of the interest in the time
propagation of quantum systems using trajectories derived, in particular, from
the hydrodynamic formulation of quantum mechanics; see [1] for a historical
overview and an exposition of many of the recent advances. Most of the recent
efforts concern pure-state dynamics, i.e., propagation of wave packets. Here we
review efforts [2–6] concerning mixed-state dynamics, i.e., propagation of density
operators, with illustrations based on simple models of dissipative systems [5, 6].

Time propagation using trajectories represents a Lagrangian alternative to
Eulerian grid-based propagation techniques, which evaluate the time variation
of a particular function – wave packet, density or field – at predefined, fixed grid
points. In trajectory-based propagation, the functions of interest are evaluated
on a moving grid defined by the time-evolving trajectories. The reasons for
pursuing trajectory approaches to quantum dynamics are manifold. First of all,
these approaches make conceptual contact to classical ideas of particle dynamics,
forces, etc. This may add to further insight into the quantum dynamics and
how it differs from the corresponding classical dynamics. Also, computational
advantages may by gained, for instance, in terms scaling properties [1], due
to the fact that the trajectories (grid points) follow the system. Finally, the
conceptual contact to classical particle dynamics may serve as inspiration for
the development of approximations and mixed quantum-classical methods.

By analogy with traditional fluid mechanics [7], quantum hydrodynamic tra-
jectories are related to the continuity equation for a local density, i.e., a spatial
probability distribution,

∂

∂t
P (q) = −

∂

∂q
[v(q)P (q)], (1)

where P (q) is the local density, e.g., the square magnitude of a wave packet,
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and v(q) is a velocity field. This equation describes the dynamics in the Eu-
lerian picture and the Lagrangian picture is introduced with the trajectories
defined by (for closed systems): mq̈ = mv̇ = Fext + Fhyd, where Fext is the
external force and Fhyd is a hydrodynamic force describing, in a manner of
speaking, interactions within the density. The formal solution to Eq. (1) is then,

P (qt) = exp[−
∫ t

0
dτ (∂v/∂q)q=qτ

]P (q0). The nature of Fhyd is the key to the
dynamical theory. The formal structure of the equations are the same in tra-
ditional hydrodynamics, where Fhyd is the pressure force [7], and in quantum
hydrodynamics for both pure states as well as statistical-mechanical ensembles
and open systems, where the significance of Fhyd is described below.

Before proceeding, we mention the existence of other quantum trajectory
methods based on densities different from the local density. One example is
the propagation of the Wigner (quasi-probability) phase-space distribution [8],
which can be accomplished, at least formally, by quantum trajectories in a phase
space [9, 10]. The equations of motion are similar to classical equations for phase-
space probability distributions (Liouville equation) and trajectories (Hamilton’s
equations) but not of the exact same formal structure. Rather, the quantum
equations of motion contain “classical” terms plus “quantum corrections”, which
are terms that carry an explicit ~ dependence. This has disadvantages com-
pared to the hydrodynamic approach, both formally and computationally. On
the other hand, it provides the possibility for making a quite simple “classical”
approximation to the dynamics by simply leaving out the “quantum corrections”
[9, 11, 12]. This approximation is currently used in the simulation of quantum
liquids, as described elsewhere in this book, and it is also the basis for the mixed
quantum-classical approach [3, 4, 6] described at the end of the following section.

II. QUANTUM HYDRODYNAMICS FOR MIXED STATES

For pure states, Eq. (1) can be derived from the Schrödinger equation with
P (q) and v(q) being identified with square magnitude and the spatial derivative
of the phase of the wave packet, respectively [1]. The hydrodynamic force can be
related to the shape of P (q). For mixed-states, Eq. (1) can be derived from the
Liouville-von-Neumann (LvN) equation governing the motion of the density op-
erator using the method of moments [2, 5, 13–16]. The hydrodynamic moments
in question can be obtained from the coordinate-space representation ρ(x, x′) of
the density operator or the above-mentioned Wigner function, ρW (q, p). Using
the latter, the moments are obtained by integration over the momentum variable

〈Pnρ〉q =

∫ ∞

−∞

dp pn ρW (q, p). (2)

The hydrodynamic moments are space-conditional probabilities of the variable
pn and represents a projection of the density operator onto coordinate space.
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Due to the Fourier-transform relationship between ρW (q, p) and ρ(x, x′) [8], the
moments are also the coefficients of the Taylor expansion of ρ(x, x′) in the coor-
dinate x − x′ and the ρ(x, x′) plays the role of a moment-generating function.

For a Hamiltonian system, the LvN equation for the Wigner function is [8],

∂ρW

∂t
= {H, ρW } +

n
∑

k=3,5,7,...

1

k!

(

~

2i

)k−1
∂kV

∂qk

∂kρW

∂pk
. (3)

Here { , } is the Poisson bracket, which is the “classical” term mentioned in the
Introduction, to which the “quantum correction” carrying explicit ~ dependence
is added. This gives for the moments the coupled equations,

∂〈Pnρ〉q
∂t

= −
1

m

∂

∂q
〈Pn+1ρ〉q − n

(

∂V

∂q

)

〈Pn−1ρ〉q

−

n
∑

k=3,5,7,...

(

n
k

) (

~

2i

)k−1
∂kV

∂qk
〈Pn−k ρ〉q , (4)

where the first two terms on the r.h.s. originate from the Poisson bracket in
Eq. (3). The coupling of successive orders implies that the hierarchy does not
terminate, unless a given moment can be expressed in terms of the lower-order
moments. This is not generally the case, except for particular types of densi-
ties, e.g., pure states and Gaussian mixed-state densities, where the hierarchy
terminates with the first and second moment, respectively [2].

The first two equations in the hierarchy have no explicit ~ dependence and
these produce the hydrodynamic trajectory equations whether or not the hierar-
chy terminates with the first moment. Defining the velocity field as the average
velocity at each position, mv(q) = 〈Pρ〉q/〈ρ〉q ≡ p̄q, the dynamical equation for
the zeroth moment P (q) = 〈ρ〉q is cast on form Eq. (1). The dynamical equation
for the first moment can be rewritten as ˙̄pq = −∂V/∂q + Fhyd, where

Fhyd = −
1

m〈ρ〉q

∂σq

∂q
with σq = 〈P2ρ〉q − p̄2

q〈ρ〉q. (5)

The quantity σq reflects the width in p of the phase space density ρW (q, p) at each
position. For general mixed-states, the trajectories mq̈ = ˙̄pq = −∂V/∂q + Fhyd

are the paths along which all the hydrodynamic moments are constructed.
For multi-degree-of-freedom systems, we have suggested a mixed representa-

tion, where only parts of the system are projected onto coordinate space, as a
route to a mixed quantum-classical scheme [3, 4, 6]. This representation is based
on partial moments, which are defined as

〈Pnρ〉qQP =

∫ ∞

−∞

dp pn ρW (q, p,Q, P ) (6)
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The exact equations of motion for the partial moments obtained from the LvN
equation are rather complicated. In particular, terms carrying explicit ~ depen-
dence are present for moments of all orders, which excludes a simple-structured
trajectory picture in the above sense. However, making in the coordinates Q and
P the “classical” approximation described in the Introduction results in the ap-
proximate mixed quantum-classical trajectories: mq̈ = ˙̄pqQP = −∂V/∂q + Fhyd,

Q̇ = P/M , and Ṗ = −∂V/∂Q. Here p̄qQP = 〈Pρ〉qQP /〈ρ〉qQP and Fhyd is given
by Eq. (5) upon replacement of index q by qQP [3, 4, 6]. Note: the same trajec-
tories can be obtained by invoking, to begin with, the quantum-classical Liouville
equation [17]. This approach is exact for potentials that are at most second order
polynomials. The motivation behind this representation is two-fold: to obtain a
consistent trajectory scheme that couples quantum and classical dynamics and,
by employing the hydrodynamic formulation instead of other quantum trajectory
formulations, to take advantage of the recent developments [1] in computational
quantum hydrodynamics. A central issue in the implementation of mixed-state
hydrodynamics is the approximate closure of the moment hierarchy; work on this
aspect is in progress. In the following we consider only Gaussian mixed-states
for which the hierarchy terminates with the second moment.

III. QUANTUM BROWNIAN OSCILLATOR

To illustrate the nature of the hydrodynamic formulation, we considered in
[2, 5] the dynamics of the reduced density matrix Wigner function for the well-
studied system of a harmonic oscillator linearly coupled to a bath of harmonic
oscillators [18]. Thus, the system Hamiltonian is

HS =
p2

2m
+

1

2
kq2 (7)

with k = mω2, and the full Hamiltonian can be written of the form,

H = HS +
∑

n

[

p2
n

2mn
+

1

2
kn

(

xn −
cn

kn
q

)2
]

. (8)

The equation of the motion for the reduced density matrix Wigner function is
obtained by integrating over the bath modes. This gives for a separable initial
state and an ohmic bath in the weak-coupling limit an equation of motion of the
form [19–22],

∂ρW

∂t
= {HS , ρW } + γ

∂

∂p
(pρW ) + γmε̄

∂2

∂p2
ρW . (9)

Here ε̄ = ε0 coth βε0 with ε0 = ~ω/2 and β−1 = kBT is the average energy of the
quantum equilibrium state for a harmonic oscillator , ρeq

W = Z−1 exp(−HS/ε̄)
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FIG. 1: Hydrodynamic trajectories for an initial coherent state of the oscillator evolving
according to Eq. (9) with m = 10 amu, ω = 7.5γ = 0.03 fs−1, and T = 500 K [5].

with Z = 2πε̄/ω [23]. We note that ε̄ → kBT for kBT ≫ ε0 and, in this limit,
Eq. (9) has the exact same functional form as the Fokker-Planck (Kramer’s)
equation describing classical Brownian motion [24]. This implies that the re-
duced Wigner function undergoes classical evolution, for instance in terms of
Langevin-type trajectories subject to a Gaussian random force, with an effec-
tive temperature Teff = ε̄/kB . It also implies that an initial Gaussian density
remains Gaussian under the evolution. The stationary state for Eq. (9) is the
above-mentioned equilibrium state, ρeq

W , which in the limit kBT ≫ ε0 becomes
the classical equilibrium distribution for a harmonic oscillator. In the limit
T → 0, ρeq

W becomes the quantum ground state for a harmonic oscillator.
From Eq. (9) we obtain the following equations of motion for the moments

[2, 5],

∂

∂t
〈Pnρ〉q = −

1

m

∂

∂q
〈Pn+1ρ〉q − nkq〈Pn−1ρ〉q

−nγ〈Pnρ〉q + n(n − 1)γmε̄〈Pn−2ρ〉q. (10)

We note that the friction term shows up in the first moment and onwards,
whereas the dissipation (temperature-dependent) term shows up the second mo-
ment and onwards. This gives rise to the following hydrodynamic trajectories,

mq̈ = ˙̄pq = −kq + Fhyd(q) − γp̄q. (11)
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Thus, the hydrodynamic trajectories are not subject to a random force but rather
a hydrodynamic force derived from the shape of the Wigner density according
to Eq. (5). Hence, as long as this density is smoothly changing, so is the hydro-
dynamic force. In Fig. 1 we illustrate the hydrodynamic space-time trajectories
for an initial coherent state of the harmonic oscillator with parameters given in
[5]. It should be noted that when the density reaches the stationary state, the
hydrodynamic trajectories and the hydrodynamic force also become stationary.

In the high-temperature limit, irrespective of the initial preparation, the final
state is the classical equilibrium. In [5] we discussed the transition to a classical-
statistical state in term of hydrodynamic moments. We considered, in the addi-
tion to the Wigner function, the Q- and P -distributions, which are related to the
Wigner function by Gaussian convolution, ρQ = G ⋆ ρW = G ⋆ (G ⋆ ρP ) [25]. In
the high-temperature limit, all three distributions satisfy the same equation of
motion [19] and asymptotically approach the classical equilibrium. We suggested
that a criteria for the quantum-to-classical transition could be ρQ ∼ ρW ∼ ρP ,
which can be detailed using the moments for the three distributions [5].

IV. COUPLED OSCILLATORS WITH DISSIPATION

We have also considered [6] a system consisting of a light, “quantum” harmonic
oscillator (lower case symbols) bilinary coupled to a heavy, “classical” harmonic
oscillator (upper case symbols), which in turn is coupled to a bath by analogy
with the previous example. In other words, we considered the reduced dynamics
according to

∂ρW

∂t
= {HS , ρW } + γ

∂

∂P
(PρW ) + γMkBT

∂2

∂P 2
ρW , (12)

where we chose the specific form for HS [26], also used in [3],

HS =
p2

2m
+

P 2

2M
+

1

2
k(q − Q)2 +

1

2
KQ2. (13)

In Eq. (12) the coupling is of the high-temperature, “classical” type. Again, the
reduced Wigner function undergoes classical evolution, for instance in terms of
Langevin-type trajectories subject to a Gaussian random force. The stationary
state for Eq. (12) is the classical equilibrium state for the coupled harmonic
oscillators, ρeq

W = Z−1 exp(−βHS) with Z = (2πkBT )2(ωΩ)−1 where ω2 = k/m
and Ω2 = K/M . Note that this distribution does not have the same functional
form as the ground state distribution for HS and, therefore, that the model
cannot in a simple way be extended to low temperatures. Similarly, the reduced
density for the light oscillator alone, obtained by integrating ρeq

W over Q, differs
from the equilibrium state of a single oscillator discussed in the previous section.
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FIG. 2: Adiabatic survival probability p0 as a function of time at T = 9ε0/kB for a
Gaussian initial state, Ψ(q, Q, t) = φ0(q|Q)G(Q − Q0), evolving according to Eq. (12)
with parameters given in [26] and γ = 0.05. Insert shows 〈Q〉 as a function of time.

Due to “light vs. heavy” nature of the two oscillators, the dynamics is conve-
niently analyzed in an adiabatic basis {φn(q|Q)ϕn,l(Q)} where the adiabatic sur-
vival probabilities for the “light” oscillator is given by pn(t) = Tr[ρ̂(t)|φn〉〈φn|].
As in the previous section, an initial Gaussian density remains Gaussian under
the evolution prescribed by the equation of motion, Eq. (12), and in this case
the adiabatic survival probability p0(t) can be expressed analytically in terms of
the first three partial moments [6],

p0(t) = 2

∫

dqdQdP 〈ρ〉qQPI(q, Q, P ) (14)

where

I(q, Q, P ) =

(

mε0

σ̃qQP + mε0

)1/2

exp

[

−
mε0

2~2
(q − Q)2 −

p2
qQP

2σ̃qQP + 2mε0

]

(15)

with σ̃qQP = σqQP /〈ρ〉qQP and ε0 = ~ω/2. In the long-time limit, i.e, as the
system approaches the equilibrium state, we find p0(∞) = peq

0 = 2/(1+kBT/ε0).
The fact that this expression is only meaningful for kBT ≫ ε0 highlights the
classical nature of Eq. (12). In Fig. 2 we show an example of p0(t) at T = 9ε0/kB

for the parameters (K = 3k = 15 au and M = 10m = 10 au) and the Gaussian
initial state, Ψ(q, Q, t) = φ0(q|Q)G(Q − Q0), given in [26] and γ = 0.05 au.
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FIG. 3: Mixed trajectory stating at the center of the initial density for the same system
as in Fig. 2 (dashed) and for γ = 0 (solid). Time: 0 to 50 au.

Clearly, the dynamics becomes more adiabatic, in the sense that p0(t) becomes
less oscillatory, over time. The oscillatory behavior in p0(t) is induced by the
vibrations of the “heavy” coordinate Q (Fig. 2, insert). While the longest time
scale for the single oscillator considered in the previous section is 2/γ [19, 22],
the final decay towards the equilibrium here is on a much longer time scale due
to the indirect coupling between the “light” oscillator and the bath.

The mixed-representation trajectories are

mq̈ = ˙̄pqQP = −k(q − Q) + Fhyd(q, Q, P ),

Q̇ = P/M (16)

Ṗ = −(k + K)Q + kq − γP + R(t)

where R(t) is a Gaussian random force. Fig. 3 shows, for one representation
of R(t), the first 50 au. in time of the mixed-representation trajectory starting
at the center of the initial density, q0 = Q0 = −0.75 au and P0 = 0. As in
the previous example, all the mixed trajectories become stationary in q when
equilibrium is reached, while still undergoing kicked oscillations in Q and P .

V. CONCLUDING REMARKS

Quantum space-time trajectories for mixed states can be derived from the
moments of the Wigner phase-space density, and a complete quantum dynamics
in a Lagrangian frame is obtained by constructing the moments along these
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trajectories. The trajectory equations have the same structure as the particle
trajectories in traditional fluid mechanics – with the analog to the pressure
force replaced being a hydrodynamic force, which is related to the variation of
the space conditional width in momentum of the Wigner density. Thus, the
hydrodynamic force is only strictly non-vanishing for momentum eigenstates.

The Lagrangian picture can be extended to include dissipation and a mixed
hydrodynamic/phase-space approach, as illustrated with simple examples. In
these examples the harmonic potentials ensure that the explicit ~-dependent
terms in Eqs. (3) and (4) vanish, and the Gaussian Wigner densities could equally
well represent classical-statistical distributions. In fact, the entire hydrodynamic
approach presented here may be applied to classical-statistical mechanics if the
Wigner density is replaced by a classical phase-space distribution and the explicit
~-dependent terms in Eqs. (3) and (4) are omitted.
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